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ABSTRACT. – The exponential affine pricing principle is applied to
the family of skewed Laplace historical distributions. The risk-neutral
distribution is shown to belong to the same family and a closed form pricing
formula for a European call is derived. This formula is a direct competitor of
the Black-Scholes formula, but involves more parameters, that are location
and tail parameters. This approach is extended to exponential affine spline
conditional probability density function and stochastic discount factor
leading to nonparametric pricing approaches. Finally the time coherency is
introduced by means of a Markov specification. 1

Valorisation avec des fonctions splines
RÉSUMÉ. – Le principe de valorisation par facteur d’escompte
stochastique exponentiel affine est appliqué aux familles de lois de Laplace
asymétriques. On montre que les lois risque-neutres appartiennent à la
même famille et on obtient une formule fermée pour le prix d’une option
européenne. La formule contient davantage de paramètres que la formule
de Black Scholes, à savoir un paramètre de position et un paramètre de
queue. Cette approche est généralisée au cas de probabilité et de facteurs
d’escompte stochastique de type exponentielle spline. Enfin la cohérence
temporelle est introduite par une spécification markovienne.
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1 Introduction
The standard for option pricing is the Black-Scholes approach (BLACK,
SCHOLES [1973]), which assumes i.i.d. Gaussian geometric stock returns, continuous trading and derives an analytical formula for pricing European calls from
the arbitrage free restrictions. The derivative prices and the associated risk neutral
probability basically depend on the underlying historical volatility (and not on the
historical mean). However the misspecification of Black-Scholes approach is largely documented both for return dynamics and for pricing derivatives with different characteristics. Typically the implied Black-Scholes volatility surfaces are not
flat and vary with the day and the environment.
Different solutions have been proposed in the literature to reduce the misspecification errors. The extensions of the basic model can be classified according to the
assumptions introduced on the two components of a pricing models, which are the
historical distribution and the stochastic discount factor (s.d.f.).
i) Parametric historical distribution-parametric sdf
A first direction consists in extending the parametric dynamic model for the
underlying asset price and in deriving the new corresponding parametric valuation
formulas. For instance the Black-Scholes model has been extended by introducing
stochastic volatility1, or jumps2. These models are generally written in continuous
time and provide coherent specifications for analyzing return dynamics and crosssectional derivative pricing. However the introduction of a non traded random
factor creates an incomplete market framework. The incompleteness, that is the
multiplicity of admissible s.d.f., is solved by imposing a parametric specification
of the risk premium corresponding to this unobservable factor. It can be assumed
constant (and unknown), but very often is taken equal to zero as in the standard
Hull-White formula.
ii) Nonparametric sdf
Alternatively the practitioners often perform a direct nonparametric analysis of
the state prices based on derivative prices. For each date they study how the call
prices depend on strike and maturity. They can consider directly the price surface
or equivalent characteristics. Standard ones are 1) the state price density which
provides the Arrow-Debreu prices and is deduced from the second order derivative of the call price with respect to the strike (see BREEDEN, LITZENBERGER [1978],
BANZ, MILLER [1978]); 2) the surface of Black-Scholes implied volatilities obtained
by inverting the Black-Scholes formula with respect to the volatility. In practice the
state price or implied volatility surfaces are smoothed by nonparametric approaches. For instance AIT-SAHALIA, LO [1998] apply kernel smoothing to observed call
prices and deduce the state price density as a by-product3. Other authors propose
1. See e.g. HULL, WHITE [1987], HULL [1989], CHESNEY, SCOTT [1989], MELINO, TURNBULL [1990], STEIN,
STEIN [1991], HESTON [1993], BALL, ROMA [1994].
2. See e.g. MERTON [1976], BALL, TOROUS [1985], BATES [1996].
3. However their approach assumes that the call prices depend in a deterministic way of the asset
price.
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direct approximations of the state price density. For instance the risk neutral distribution can be approximated by mixture of distributions4, or by means of Hermite
expansions5. In the latter approach, it is possible to estimate daily parameters
measuring the weights of polynomials of degree one, two, three, four… in this
expansion. They are generally interpreted as implied mean, volatility, skewness
and kurtosis.
A limitation of these nonparametric approaches comes from the number of liquid
derivative assets. To get accurate estimators they require a large number of highly
traded derivatives, with an appropriate distribution of the associated strikes. For a
given day and a given underlying asset, these numbers are generally between 5 and
20, with a clustering of traded strikes close to moneyness. Thus the cross-sectional
asymptotic theory generally developed with these approaches cannot apply.
Finally note that some authors6 are interested in testing structural equilibrium
models. For this purpose they focus on the sdf which is generally estimated by
moment methods from data on returns, consumption,… Since they are dealing
neither with historical pdf, nor with the state price density, the results are difficult
to use for derivative pricing.
iii) Nonparametric historical distribution- parametric sdf.
A nonparametric specification of the state prices can also be derived with a
nonparametric historical distribution and a parametric sdf. The advantage of such
a specification is to correspond to available data. The underlying asset is generally
liquid, and the associated return data can be used to estimate nonparametrically
the historical distribution. Once this distribution is known, the small number of
parameters defining the risk correction are calibrated on observed derivative prices. Such approaches have been developed rather early as direct extensions of the
standard Black-Scholes formula.
For instance it is possible to consider a continuous time model and to assume that
the infinitesimal drift and volatility functions are unknown deterministic functions
of time7. The model still assumes a complete market framework, Girsanov theorem
provides the unique admissible sdf and the risk neutral distribution depends on the
volatility only (called local volatility). The local volatility can be estimated directly
from the return data on the underlying asset. It can also be estimated from derivative data, by using the interpretation of local volatility from partial derivatives of
the call price with respect to strike and time to maturity (see DUPIRE [1994]). This
second estimation technique is not very accurate due to the small number of liquid
derivatives.
Instead of deterministic drift and volatility functions, it is also possible to assume
that drift and volatility depend on the return and to still derive the unique sdf by
Girsanov theorem. The unknown functional parameters, that are the drift and volatility, can be estimated in various ways. For instance AIT-SAHALIA [1996] assumes
a linear drift and deduce a nonparametric estimator of the volatility from a kernel
estimator of the marginal density. The drift can also be let unconstrained and the
two functional parameters estimated by nonparametric nonlinear canonical analysis
4. See BAHRA [1996], CAMPA, CHANG, REIDER [1997], MELICK, THOMAS [1997].
5. See JARROW, RUUD [1982], MADAN, MILNE [1994], ABKEN, MADAN, RAMAMURTIE [1996].
6. See BANSAL, HSIEH, VISWANATHAN [1993], BANSAL, VISWANATHAN [1993], COCHRANE [1996], CHAPMAN [1997], DITTMAR [2002].
7. See MERTON [1973], DUPIRE [1994].
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based on either kernel method (DAROLLES, FLORENS, GOURIEROUX [2003]), or Sieve
method (HANSEN, SCHEINKMAN, TOUZI [1994]), CHEN, HANSEN, SCHEINKMAN [1998],
DAROLLES, GOURIEROUX [2002]).
However it is known that a (one dimensional) diffusion model implies restrictions on return dynamics, which are not observed on available data, for instance:
time reversibility8, or constraints on tail magnitude due to the normality of the
Brownian motion.
To avoid the restrictions associated with the usual approaches, we focus in this
paper on the historical transition pdf, instead of the local volatility functions. The
analysis is performed in discrete time, which implies an incomplete market framework.
The return process (yt) is such that the conditional distribution of yt given its past
values
belongs to a skewed Laplace family or, more generally,
to the family of mixtures of skewed Laplace distribution, which is equivalent to the
family with first order spline log-densities. Then the dimension of incompleteness
is diminished by considering a parametric family of stochastic discount factors.
We restrict the choice by imposing an exponential-affine stochastic discount factor. This allows the use of the Esscher transformation to pass from the historical
distribution to the risk-neutral one9. Then the s.d.f. parameters are constrained by
the arbitrage free restrictions, and the risk neutral condition distribution of yt given
is derived. Closed form expressions of the prices of European calls and puts
are finally derived.
An extension to exponential spline sdf is provided as well as a particular Markov
specification which gives a simple nonparametric, time coherent pricing methodology valid for any horizon.
The plan of the paper is as follows. In Section 2, the principle of exponentialaffine pricing is reviewed. Then this approach is applied to a skewed Laplace conditional historical distribution of geometric returns. The example of the conditional
Laplace distribution is interesting as an introductory case for exponential-splines.
It is also important in its own, since the price of the European calls admit simple
closed form expressions. The pricing formula is a direct competitor of the standard
Black-Scholes, and involves two types of parameters, which capture location and
tail effects. An extension to exponential affine spline conditional probability densities is presented in Section 3, when the sdf is either exponential affine, or exponential affine spline. Section 4 presents the dynamic extension by means of Markov
models and Section 5 concludes.

2 Pricing with Laplace Distribution
For expository purpose let us consider the two period framework and denote by
r the riskfree rate between the dates t and t+1, by
the geo8. See DAROLLES, FLORENS, GOURIEROUX [2003].
9. See GERBER, SHIU [1994], BUHLMAN et alii [1996], SHIRYAEV [1999], DAROLLES, GOURIEROUX,
JASIAK [2001], DIJKSTRA, YAO [2002].

PRICING WITH SPLINES

7

metric return on the risky asset with price St. The aim of this section is to explain
how to derive the state price density at horizon 1, that is how to price the European
derivative written on yt+1. Of course the horizon is fixed at 1 by convention, but the
approach can be applied to any horizon. We first recall the principle of exponentialaffine pricing initially introduced by GERBER, SHIU [1994]10. Then this approach
is applied to a skewed Laplace conditional historical distribution of geometric
return.

2.1 Exponential-Affine Pricing
Let us introduce the truncated Laplace transform (or moment generating function) of the conditional distribution of the geometric return. It is defined by:
(2.1)
where the notation above means:

It is the information available at time t for the investor. This information set contained the past return values

and, possibly, other informations. The

path dependence of ψ is not mentioned for notational convenience.
The European derivative asset, whose payoff g(y)(= g(yt+1)) is written on the
geometric return of the underlying asset, can be priced by means of a stochastic
discount factor model11. The derivative price at date t is:
(2.2)
where M denotes a stochastic discount factor. In an exponential-affine framework
the stochastic discount factor is given by12:
(2.3)
It is exponential-affine with respect to the geometric return y(= yt+1)13. Different
motivations exist for the exponential affine restriction on the stochastic discount

10. See also ESSCHER [1992], BUHLMAN et alii [1996], GOURIEROUX, MONFORT [2001], YAO [2001].
11. See HANSEN, RICHARD [1987], CAMPBELL, LO, MCKINLAY, [1997], Chapter 8, COCHRANE [2001], GOURIEROUX, JASIAK [2001], Chapter 13.
12. As above the time index is omitted for convenience. More explicit equations would be:
C t (g ) = E [M t , t +1 g (y t +1 ) | I t ], where: M t , t +1 = exp( α t y t +1 + βt ) is the stochastic discount factor for
period t, t + 1. The coefficients αt, βt and the derivative price Ct(g) are It-measurable, whereas the
stochastic discount factor Mt,t+1 is It+1-measurable.
13. The stochastic discount factor is in general not exponential-affine with respect to the current and
lagged values of the return; indeed the lagged values can influence in a nonlinear way the change of
probability through the sensitivity coefficients α and β (see the previous footnote).
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factor, which reduces the multiplicity of pricing formulas existing in this incomplete framework.
i) First the exponential-affine restriction underlies the usual approaches based
on no arbitrage restrictions, or on equilibrium theory. For instance in a two
period price exchange economy under preference restrictions (see e.g. BREEDEN,
LITZENBERGER [1978], HUANG, LITZENBERGER [1988]), the exponential-affine form
of the stochastic discount factor corresponds to power utility functions.
ii) An exponential affine specification is obtained, when we look for the risk neutral distribution which is the closest to the historical one, with respect to entropy
criterion (STUTZER [1996], BUCHEN, KELLY [1996]).
iii) The choice of an exponential affine sdf often leads to tractable computations,
and provides results which are easy to compare with the standard Black-Scholes
formula (see the examples given in GERBER, SHIU [1994]).
iv) Finally, it is seen below that it is appropriate to define spline historical and
risk neutral densities, compatible with no arbitrage restrictions. Moreover it will be
seen in Section 3 that this kind of property remains valid for a more general specification of the sdf, namely the exponential spline specification.
The arbitrage-free constraints are derived by applying the pricing formula to the
zero-coupon bond with payoff 1 and to the risky asset with payoff
These constraints are:

They provide the values of the risk correcting factors α, β by solving the system
below14, which depends on the untruncated Laplace transform:

(2.4)

Then the price of a European call with maturity one is easily deduced. Let us
consider a call written on St+1 with payoff (St+1 - kSt)+, where k is the moneyness
strike; the payoff can be written as:
price of a normalized payoff

or as:

The

is given by:

(2.5)

where α, β are the solutions of system (2.4).
14. When the time index is taken into account, the solutions α and β are generally path dependent, like
function ψ.

PRICING WITH SPLINES

9

2.2 Pricing Formulas
Exponential-affine pricing can be applied to any return distribution15. In this section we consider the family of skewed Laplace distributions for several reasons.
i) Both historical and risk neutral distributions will belong to the Laplace family
under no-arbitrage restrictions.
ii) The skewed Laplace distribution is compatible with the exponential fat tails
observed on real data.
iii) Spline approximations of order 1 of the log-densities can be easily derived
from this family.
Thus the skewed Laplace family will likely capture important stylized facts
which are not captured in the Black-Scholes framework, while keeping the important property of staying in the same distribution family when moving from the
historical to the risk neutral world.
This stability property is not specific to the skewed Laplace family since it is
shared by the normal family underlying the Black-Scholes approach. However a
nice property of the skewed Laplace family is that it is easily extended to the exponential spline family.
Let us consider a geometric return, whose conditional historical distribution is a
skewed Laplace distribution denoted by L(b0, b1, c). The p.d.f. is given by:

where b0 and b1 are strictly positive and c is a location parameter. As already mentioned p(y) must be seen as the conditional distribution of yt+1 given
and, consequently, b0 and b1 and c are generally path dependent. For sake of notational simplicity this path dependency is not explicited. c is the mode of the (conditional) distribution, whereas b0 and b1 characterize the left and right exponential
(conditional) tails, respectively. The mean of the distribution is:
and the variance is:

This skewed Laplace distribu-

tion fits the conditional distribution of observed returns better than the Gaussian
distribution. It admits fatter tails, which decrease at an exponential rate, and a sharp
peak at the mode to balance the tail effect. By applying the general approach described in subsection 2.1, we get the pricing formulas below.
PROPOSITION 1: If the conditional historical distribution is a skewed Laplace distribution L(b0, b1, c) with b0 + b1 > 1, and if the stochastic discount factor is
exponential-affine:

15. Under tail restrictions since the truncated Laplace transform has to exist in a neighbourhood of
zero.
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i) the conditional risk-neutral distribution is unique and corresponds to the
skewed Laplace distribution L(b0 + α, b1 - α, c), with p.d.f.:

where α is the solution of:
(2.6)
such that: -b0 < α < b1 - 1.
ii) The price of the call written on exp y with payoff (exp y - k)+ is:

iii) By the put-call parity relationship, the put prices are:

PROOF: See Appendix 1.
The risk-neutral distribution is well defined whenever -b0 < α < b1 and the stock
price, corresponding to payoff exp (y), is finite whenever -b0 < α < b1 - 1. These
two inequalities are jointly satisfied only if b0 + b1 > 1 and under this condition is
it is easily checked that equation (2.6) has a unique solution in α belonging to the
interval [-b0, b1 - 1].
The risk neutral distribution depends on b0, b1 through b0 + b1. Indeed π(y)
depends on b0, b1 through b0 + b1, b0 + α and b1 + α, but δ0 = b0 + α and δ1 = b1 - α
satisfy respectively the equations:
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which depend on b0, b1 only through b0 + b1.
Since the risk neutral distribution depends on b0, b1 through b0 + b1, the same
is true for the call and put prices. More precisely, once α has been replaced by its
value obtained from equation (2.6), these prices are functions of (b0 + b1, c, k, r).
Moreover it is easily seen that these prices are differentiable functions of k and c,
although the two analytical expressions depend on the respective positions of log k
and c. (see Appendix 1. iv).
The Laplace derivative pricing formulas have their own interest and can be easily
compared with the standard Black-Scholes formula, which assumes exponentialaffine s.d.f., but Gaussian (conditional) return distribution. First the pricing formulas are simpler and in particular they avoid the use of the cdf of the standard normal
distribution. Second they depend on two parameters c and b0 + b1 instead of the
single volatility in the Black-Scholes framework. This allows for more flexibility.
Finally the risk correction involves the volatility parameter in the Black-Scholes
framework, and a tail magnitude parameter in the Laplace framework. This special
risk correction is easily understood. Indeed the payoff exp y of the underlying asset
may be non integrable with respect to the conditional historical Laplace distribution16. More precisely if b1 < 1, the payoff exp y is not integrable with respect to
the conditional historical Laplace distribution, whereas it is integrable with respect
to the conditional risk-neutral Laplace distribution, since b1 - α > 1. A consequence
of the risk correction by α is to reduce the right tail in order to ensure this integrability and the existence of a finite stock price. Also note that the rebalancing of the
tails has an impact on both the mean and the variance.
Finally the restrictive condition of homogeneous pricing formula of the BlackScholes is not satisfied in the Laplace framework. More precisely the price of a
European call written on St+1 with strike K is given by:
In the
Laplace framework C*/St is not, in general, an homogeneous function of K and St,
since the coefficients b0, b1, c can be path dependent. This lack of homogeneity
will allow for leverage effect and asymmetric smile observed on real data (GARCIA,
RENAULT [1998], GARCIA, LUGER, RENAULT [2000]).

2.3 Elasticity of the Call Price with Respect
to Moneyness Strike
Proposition 1 provides an explicit formula for the price of the call written on
exp y. It is easily checked that this price is a differentiable function of k, which
decreases from 1 to 0, is convex and such that the elasticity of the call price
(the put price, respectively) with respect to the moneyness strike is constant for
respectively).
In particular the call prices satisfy simple deterministic relationships. If k, k1, k2
are moneyness strikes larger than exp c, we get:
(2.7)

16. exp y is conditionally not integrable, if and only if the conditional expectation Et(St+1) does not
exist. In such a framework, the standard mean-variance portfolio management cannot be applied.
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When the parameters b0, b1, c are path independent, the elasticity of the call price
C* with respect to St is:

Therefore the condition of constant elasticity of C with respect to the moneyness
strike for large k is equivalent to the condition of constant elasticity of C* with
respect to the current stock price.
Similarly constraint (2.7) is also valid when the derivatives are written on St+1
instead of exp(yt+1). With obvious notations, relation (2.7) becomes:

2.4 Implied Black-Scholes Volatility
The pricing formula given in Proposition 1 can be numerically compared to the
standard Black-Scholes formula. Since, for given values of r and k, the call price
depends on two independent parameters, that are b0 + b1 and c, instead of only one
parameter, namely σ, in the standard Black-Scholes, the Laplace pricing formula
allows for implied location or tail effects. These features are observed on Figures 1
and 2, which provide the Black-Scholes implied volatilities for different sets of
parameters b0, b1, c and r = 017. The Laplace model is appropriate for recovering
the so-called smile, smirk and sneer effects observed in practice. Note that they can
be recovered without introducing a time dependent volatility (as in MERTON [1973],
DUPIRE [1994]), but simply by suppressing the Gaussian assumption.

2.5 Value of the Call and Historical Parameters
The patterns of the call prices as functions of c and b0 + b1 are provided in
Figures 3 and 4.
It is always difficult to understand how the call price depends on a location parameter, that are the mean in the standard Black-Scholes model and the mode c in the
Laplace framework. This feature is clearly observed, when we consider the underlying stock with cash-flow exp y. When the location parameter tends to +∞ (resp.
-∞), the cash-flow tends to +∞ (resp. 0), and the same is true for (
17. These implied volatilities are simply obtained by solving, with respect to the volatility, the equation
equating the Black Scholes formula to the exact price given by the formula of Proposition 1.
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FIGURE 1
Black-Scholes Implied Volatilities with c Varying, b0 + b1 = 10 Fixed, k = 0.6,
Top to Bottom for c Decreasing

FIGURE 2
Black-Scholes Implied Volatilities with b0 + b1 Varying, c = .06 Fixed, Top to
Bottom for b0 + b1 Increasing
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FIGURE 3
Call Price as a Function of c, Top to Bottom for b0 + b1 Increasing

FIGURE 4
Call Price as a Function of b0 + b1, Top to Bottom for c Decreasing

Since the price of the underlying asset remains normalised to 1, it is natural that the
price of the option tends to 1. Contrary to the Black-Scholes case, in which the call
price is independent of the mean, we observe a mean dependence in the Laplace
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framework. The symmetric pattern observed in Figure 3 is due to the special choice
k = 1, r = 0, which implies 1 - k exp - r = 0 and identical call and put prices18.
When b0 + b1 converges to 1, b0 + α converges to 0, b1 - α converges to 1 and the
call price converges to one.

2.6 A Special Case
Let us consider the case c = r, where the mode of the (conditional) historical
distribution corresponds to the riskfree return. The risk correcting factor α is the
solution of:

By replacing in the expression of the call-price, we get:

As mentioned above, the pricing formula depends on the single parameter
which measures the average tail magnitude. This parameter

has the

same role as the volatility σ in the Black-Scholes model. When increases, the
average tail decreases. The derivatives of the call prices with respect to are the
analogues of the standard Black-Scholes vega. They are given by:

These derivatives are negative, which implies a decreasing relationship between
the average tail index and the call price. By inverting the pricing formula, we
can define the implied (Laplace) tail magnitude associated with any observed call
price. The surface of implied (Laplace) tail magnitude contains the same information as the call-price surface.
18. It is easily checked that the correcting factor α satisfies: α = α [b0 , b1 , exp (r − c )] = b1 − b0 − 1 −
α [b0 , b1 , exp (c − r )].
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It is interesting to consider the admissible call prices when the historical variance
is known. Since the price is a monotonous function of

we get an

interval of admissible prices, whose bounds are obtained for the values of b0, b1
which optimize b0 + b1 submitted to

This interval is easily deduced,

for instance when log k ≥ r. We get:

The interval increases with σ, and is equal to [0, 1] in the limiting case
The latter interval is the largest one compatible with the free arbitrage inequalities,
since the constraints
imply 0 ≤ C(k) ≤ 1.

2.7 The Multiperiod Case
Proposition 1 provides an explicit formula for the price of a European call (resp.
European put) of maturity one. The time unit can be chosen arbitrarily; however
if we want to price several European calls (resp. puts) at different maturities while
satisfying the time consistency condition, we must choose the time unit such that
all call maturities are multiple of this time unit. Proposition 1 still provides the
various one step ahead risk neutral distributions. At times to maturity strictly larger
than 1 there are no longer closed form expressions, but conditional risk neutral
distributions and, therefore, call (or put) prices are easily obtained by simulations.
If the parameters b0, b1, c are path dependent, the parameter α has to be computed at each period. More precisely the call price of maturity h at time t given by
can be evaluated by:

where
is a vector sequentially drawn in the various one step ahead
risk neutral conditional distribution and S denotes the number of replications.
Note that simulation techniques are also required in the Gaussian framework
whenever the conditional variances depend on the past, like in a GARCH framework, since, in this case, the sum
is no longer conditionally
Gaussian.
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3 Pricing with Splines
The skewed Laplace transform can be considered as the mixture of two truncated
exponential distributions. By increasing appropriately the number of elements in
this mixture it is possible to approximate any distribution. In this section we consider this extension which is the basis for an arbitrage free nonparametric analysis of
historical and risk neutral (conditional) distribution.

3.1 Exponential Affine Stochastic Discount Factor
The Laplace family distribution can be directly extended by increasing the number of exponential regimes for the density. Let us consider the p.d.f.
(3.1)

where a is fixed by the unit mass restriction, c1 < … < cJ defines a partition of
This distribution is denoted by

The

specification corresponds to a spline approximation of the log-density by splines
of degree 1. By increasing the number of nodes J and introducing finer partitions,
we can approximate any p.d.f. (see e.g. DE BOOR [1978]). When the time index
is explicitly introduced the nonparametric approximation applies to the transition
density, that is the conditional density of yt given
and the different parameters
can be path dependent.
This specification corresponds to a mixture of truncated exponential distributions. Indeed with the convention
the conditional p.d.f. can
also be written as:
(3.2)
where:

(3.3)
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Thus the conditional historical distribution is a mixture of truncated exponential
distributions:
(3.4)

with weights:

(3.5)

PROPOSITION 2: If the conditional historical distribution is specified as an exponential-affine spline, with b0 - BJ > 1, and if the stochastic discount factor is
exponential-affine:
i) the conditional risk neutral distribution is unique and is the exponential-affine
with p.d.f.:
spline distribution

where aq is fixed by the unit mass restriction and α is solution of:

and such that

or

(Note that when J = 1, the notation b1 corresponds to the notation b0 - b1 o, section 2)
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ii) The price of the call is given by:

for
PROOF: See Appendix 2.
In statistical theory the approximations by splines are usually introduced to estimate regression functions. The result of Proposition 2 can be used in a similar way
for nonparametric pricing. Indeed any conditional p.d.f. can be approximated as
closely as wished by an exponential affine spline, when the partition is increased.
Proposition 2 says that this approximation is appropriate for derivative pricing,
since it provides approximations for both the historical and risk neutral distributions compatible with no arbitrage restriction. These approximations can be used
for cross-sectional pricing, that is for pricing at a given date, a given maturity and
any strike. The implementation is along the following lines:
i) Fix a partition c1,…, cJ. In the nonparametric approach it is natural to select a
path independent partition.
ii) Estimate the (path dependent) parameters bj, j = 0,…, J from historical data.
iii) Deduce the (path dependent) estimated risk correction α by solving the equation providing α after the replacement of bj, j = 0,…, J by their estimates.
iv) Estimate the risk neutral (conditional) distribution by replacing bj, j = 0,…, J
and α by their estimates.

3.2 Exponential Affine Spline Stochastic Discount
Factor
By selecting a stochastic discount factor which is exponential affine in the return,
we considered in Section 3.1 a two parameter specification of the s.d.f. These parameters have been fixed by the no-arbitrage restrictions leading to a unique admis-
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sible s.d.f. It is possible to increase the dimension of the parameter of the s.d.f. in a
very simple way, by considering for instance:

The arbitrage restrictions imply two constraints on the J + 2 parameters β, α0,…,
αJ. Thus J parameters are free and can be estimated from derivative prices. For
instance when J = 1 and c = 0, we get different risk corrections for positive and
negative returns, creating asymmetric smile effects.
Using the notations:

the AOA conditions can be written:

Therefore the αl, l = 0,…,J satisfy the equation:

Thus Proposition 2 remains valid if
is replaced by
and Bl + α is
replaced by Bl + Al. Finally note that some αl may be equal or, equivalently, the
partition appearing in the s.d.f. may be a subpartition of the partition appearing in
the p.d.f.; in this case the number of free parameters αj is reduced.
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4 Markov Models

The aim of this section is to link the pricing formulas for different dates and
various maturities in a simple way. The dynamics is introduced in the conditional
Laplace distribution (resp. exponential-affine splines) by means of the different
types of parameters, b0, b1 and c (resp. bj, j = 0,…, J and c), which can be path
dependent. In the subsections below, we introduce a simple dynamics, where the
effect of the past is assumed to be well summarized by the regime indicator giving
the interval (-∞, c) or (c, ∞), (resp.
which contains the lagged value. We first describe the extension in the special case of the conditional
Laplace distribution considered in Section 2.2 before considering more general
affine-exponential splines.

4.1 Dynamic Laplace Model
Let us consider the framework of Section 2.2 and introduce the dynamics. We
assume a path independent location parameter c and define the regime indicator by:

(4.1)

Moreover we assume that the conditional distribution of the geometric return yt+1
given the past
is a skewed Laplace distribution, whose parameters depend on the past through the last regime only. Let us denote by
the conditional p.d.f. of yt+1, and
ters c, b0, b1, we get:

a Laplace p.d.f. with parame-

It is easily checked that the dichotomous qualitative process (zt) defines a Markov
chain with transition matrix:

(4.2)

where:
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Moreover the conditional historical distribution h steps ahead is:

where

is the element (i, j) of the matrix Πh-1.

The exponential-affine stochastic discount factor for the period t, t + 1 is:
where αt, βt depend on the regime prevailing at date t.
Thus we get different corrections (α0, β0) and (α1, β1) according to the regime. The
conditional risk neutral distribution h steps ahead is:

where:

We immediately deduce the price at t of a European call with moneyness strike k
and time to maturity h. This price is given by:

where C(k; c, b0, b1) is the call price at maturity one associated with the Laplace
distribution p(y; c, b0, b1).
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As an illustration, let us consider the special case c = r and denote:
We get:

and, for log, k ≥ r, yt ≥ r for instance:

This example shows that this special dynamic model may capture different tail
magnitudes in the different regimes, which is the analogue of stochastic volatility
models.
In the more general case where the payoff at t + h is given by
a simulation method, analogous to that described in
Section 2.7, is required. Note however that only two values of α are necessary and,
therefore, the computations are simple.

4.2 Dynamic Exponential-Affine Splines
The approach extends the dynamic Laplace model by introducing a larger number of regimes. The regimes are defined by means of a partition cj, j = 0,…, J,
which is assumed path independent. Then the multiregime indicator at date t is:
(4.3)
If
denote the two types of parameters, we assume
that the conditional distribution of the geometric return is an exponential spline
affine distribution which depends on the past by means of the most recent regime:
(4.4)
These conditional distributions differ by the value of parameter b which is not
the same in each regime. bi denotes the value of b, when Z = j:
(4.5)
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As in the previous subsection, the polytomous qualitative process (zt) defines a
Markov chain, with a transition matrix Π, with elements
functions of the basic parameters c, bj, j = 0,…, J.
Then the conditional historical distribution h steps ahead is:
(4.6)

When the s.d.f. is exponential affine the conditional risk-neutral density is:
(4.7)

where:
cement of bj by

if l = 1,…, J, and

is deduced from Π after repla-

A further extension is obtained straightforwardly if the sdf is exponential spline.
This dynamic approach is the basis for dynamic nonparametric pricing under the
assumption of a Markov process for geometric returns. Indeed when the partition cj,
j = 0,…, J increases, the exponential-affine spline approximation with multiregime
will tend to the conditonal p.d.f. p(yt+1yt) itself. It provides numerical approximations for call-prices in the Markov famework, which mixes a standard multinomial
tree with a spline smoothing. The numerical advantage of the additional smoothing
is to diminish the erratic evolutions of the approximated derivative prices, which
are usually observed when the number of nodes in the tree increases.

5 Concluding Remarks
The success of the Black-Scholes approach is due to a simple analytical formula
for European call prices. However this formula is based on restrictive assumptions and may induce various mispricing. For instance the implied volatility has to
be constant with the moneyness strike, whereas smile effects are often observed.
The implied volatility has to be independent of the time to maturity, whereas an
increasing dependence may be observed. The aim of this paper was to introduce
alternative derivative pricing methods. We first derived a pricing formula for the
skewed conditional Laplace distribution, before extending the analysis to exponential-affine splines. Finally, we introduced underlying Markov regimes in order to
link the derivative prices for different dates and residual maturities.
■

PRICING WITH SPLINES

25

REFERENCES
ABKEN, P., MADAN, D., and S., RAMAMURTIE (1996). – «Estimation of Risk Neutral and
Statistical Densities by Hermite Polynomial Approximation : with an Application to
Eurodollar Futures Options», Federal Reserve Bank of Atlanta.
AIT-SAHALIA, Y. (1996). – «Nonparametric Pricing of Interest Rate Derivative Securities»,
Econometrica, 64, 527-560.
AIT-SAHALIA, Y., and A., LO (1998). – «Nonparametric Estimation of State Price Densities
Implicit in Financial Asset Prices», Journal of Finance, 53, 499-547.
BAHRA, B. (1996). – «Probability Distribution of Future Asset Prices Implied by Option
Prices», Bank of England Quarterly Bulletin, August, 299-311.
BALL, C., and A., ROMA (1994). – «Stochastic Volatility Option Pricing», Journal of Financial
and Quantitative Analysis, 29, 589-607.
BALL, C., and W., TOROUS (1985). – «On Jumps in Common Stock Prices and their Impact on
Call Option Pricing», Journal of Finance, 50, 155-173.
BANSAL, R., HSIEH, D., and S., VISWANATHAN (1993). – «A New Approach to International
Option Pricing», Journal of Finance, 48, 1719-1747.
BANSAL, R., and S., VISWANATHAN (1993). – «No-arbitrage and Arbitrage Pricing : A New
Approach», Journal of Finance, 48, 1231-1262.
BANZ, R., and H., MILLER (1978). – «Prices of State Contingent Claims : Some Estimates and
Applications», Journal of Business, 51, 653-671.
BATES, D. (1996). – «Jumps and Stochastic Volatility : Exchange Rate Processes Implicit in
Deutsche Mark Options», Journal of Financial Studies, 9, 69-107.
BLACK, F., and M., SCHOLES (1973). – «The Pricing of Options and Corporate Liabilities»,
Journal of Political Economy, 81, 637-659.
BREEDEN, D., and R., LITZENBERGER (1978). – «Prices of State Contingent Claims Implicit in
Option Prices», Journal of Business, 51, 621-651.
BUCHEN, P., and M., KELLY (1996). – «The Maximum Entropy Distribution of an Asset
Inferred from Option Prices», Journal of Financial and Quantitative Analysis, 31, 143159.
BUHLMAN, H., DELBAEN, F., EMBRECHTS, P. and A., SHIRYAEV (1996). – «No Arbitrage, Change
of Measure and Conditional Esscher Transforms in a Semi-Martingale Model of Stock
Processes», CWI Quarterly, 9, 291-317.
CAMPA, J., CHANG, P., and R., REIDER (1997). – «ERM Bandwidths for EMU and After :
Evidence from Foreign Exchange Options», Economic Policy, 55-87.
CAMPBELL, J., LO, A., and C., MCKINLAY (1997). – «The Econometrics of Financial Markets»,
Princeton Univ. Press.
CHAPMAN, D. (1997). – «Approximating the Asset Pricing Kernel», Journal of Finance, 52,
1383-1410.
CHEN, X., HANSEN, L., and J., SCHEINKMAN (1998). – «Shape Preserving Estimation of
Diffusion», Univ. of Chicago, DP.
CHESNEY, M., and L., SCOTT (1989). – «Pricing European Currency Options : A Comparison
of the Modified Black-Scholes and a Random Variance Model», Journal of Financial and
Quantitative Analysis, 24, 267-284.
COCHRANE, J. (1996). – «A Cross Sectional Test of an Investment Based Asset Pricing
Model», Journal of Political Economy, 104, 572-621.
COCHRANE, J. (2001). – «Asset Pricing», Princeton University Press.
DAROLLES, S., FLORENS, J.P., and C., GOURIEROUX (2003). – «Time Reversibility and Nonlinear
Canonical Analysis», forthcoming Journal of Econometrics.
DAROLLES, S., and C., GOURIEROUX (2002). – «Truncated Dynamics and Estimation of
Diffusion Equation», Journal of Econometrics, 102, 1-22.

26

ANNALES D’ÉCONOMIE ET DE STATISTIQUE

DAROLLES, S., GOURIEROUX, C., and J., JASIAK (2001). – «Structural Laplace Transform and
Compound Autoregressive Models», forthcoming Journal of Time Series Analysis.
DE BOOR, C., (1978). – «A Practical Guide to Splines», New-York, Springer-Verlag.
DIJKSTRA, T., and Y., YAO (2002). – «Moment Generating Function Approach to Pricing
Interest Rate and Foreign Exchange Rate Claims», Insurance, Mathematics and
Economics, 31 163-178.
DITTMAR, R. (2002). – «Nonlinear Pricing Kernels, Kurtosis Preference, and Evidence from
the Cross Section of Equity Returns», The Journal of Finance, 57, 369-403.
DUPIRE, B. (1994). – «Pricing with a Smile», Risk, 7, 18-20.
ENGLE, R. and J., ROSENBERG (1999). – «Empirical Pricing Kernel». DP Stern Business
School.
ESSCHER, F. (1932). – «On the Probability Function in the Collective Theory of Risk»,
Skandinavisk Aktuarietidskrift, 15, 175-195.
GARCIA, R., LUGER, R., and E., RENAULT (2000). – «Asymmetric Smiles, Leverage Effects
and Structural Parameters», D.P. Montreal Univ.
GARCIA, R., and E., RENAULT (1998). – «Risk Aversion, Intertemporal Substitution and
Option Pricing», DP Montreal Univ.
GERBER, H., and E., SHIU (1994). – «Option Pricing by Esscher Transforms», Transactions of
the Society of Actuaries, XLVI, 99-191.
GOURIÉROUX, C., and J., JASIAK (2001). – «Financial Econometrics», Princeton Univ.Press.
GOURIÉROUX, C., and A., MONFORT (2001). – «Econometric Specifications of Stochastic
Discount Factor Models», CREST DP.
HANSEN, L., SCHEINKMAN, J. and N., TOUZI (1994). – «Spectral Methods for Identifying Scalar
Diffusions», Journal of Econometrics, 86, 1-32.
HANSEN, L., and S., RICHARD (1987) :»The Role of Conditioning Information in Deducing
Testable Restriction Implied by Dynamic Asset Pricing Models», Econometrica, 55, 587613.
HESTON, S. (1993). – «A Closed Form Solution for Options with Stochastic Volatility with
Application to Bond and Currency Options», Review of Financial Studies, 6, 327-343.
HUANG, C., and R., LITZENBERGER (1988). – «Foundations for Financial Economics», NorthHolland.
HULL, J. (1989). – «Options, Futures and Other Derivatives», Third Edition, Prentice Hall.
HULL, J., and A., WHITE (1987). – «The Pricing of Options on Assets with Stochastic
Volatilities», Journal of Finance, 42, 281-300.
JARROW, R., and A., RUDD (1989). – «Approximate Valuation for Arbitrary Stochastic
Processes», Journal of Financial Economics, 347-369.
MADAN, D., and F., MILNE (1994). – «Contingent Claims Valued and Hedged by Pricing and
Investing in a Basis», Mathematical Finance, 4, 223-245.
MELICK, W., and C., THOMAS (1997). – «Recovering on Asset’s Implied PDF from Option
Prices : An Application to Crude Oil During The Gulf Crisis», Journal of Financial and
Quantitative Analysis, 32, 91-116.
MELINO, A., and S., TURNBULL (1990). – «Pricing Foreign Currency Options with Stochastic
Volatility», Journal of Econometrics, 45, 239-265.
MERTON, R. (1973). – «The Theory of Rational Option Pricing», Bell Journal of Economics
and Management Science, 4, 141-183.
MERTON, R. (1976). – «Option Pricing when Underlying Stock Returns are Discontinuous»,
Journal of Financial Economics, 125-144.
SHIRYAEV, A. (1999). – «Essentials of Stochastic Finance : Facts, Models, Theory», World
Scientific Publishing, London.
STEIN, E., and J., STEIN (1991). – «Stock Price Distribution with Stochastic Volatility : An
Analytical Approach», Review of Financial Studies, 4, 727-752.
STUTZER, M. (1996). – «A Simple Nonparametric Approach to Derive Security Valuation»,
Journal of Finance, 51, 1633-1652.
YAO, Y. (2001). – «State Price Density, Esscher Transforms and Pricing Options on Stocks,
Bonds and Foreign Exchange Rates», North American Actuarial Journal, 5, 104-117.

PRICING WITH SPLINES

APPENDICES
A. Pricing with Laplace Distribution
i) The truncated Laplace transform
Let us assume γ > c and u < b1; we get:

If γ < c, we get:

Note that the truncated Laplace transform is defined for u ∈ (-b0, b1).
ii) The arbitrage free conditions
If -b0 < u < b1 the Laplace transform is given by:
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Thus the arbitrage free conditions become:

In particular the risk correcting factor is the solution of the second degree equation, satisfying -b0 < α < b1-1:

It is easily checked that this equation has a unique solution in the interval (-b0, b11), where the Laplace transforms ψ(α,-∞) and ψ(α + 1,-∞) are both defined.
iii) The price of the call.
For log k > c, we get:

by the arbitrage free condition.
The computation is similar for log k < c and provides:

iv) Continuity of the pricing function.
The value of the call is a continuous function of k. Indeed we get:
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The continuity property is still satisfied for the derivative of the value of the call
with respect to k. Indeed the first order derivative of the pricing function is:

At the limiting point k = exp c, we get:

and:

which is exactly the equation defining α.
v) Risk neutral distribution
The p.d.f. of the risk neutral distribution is still a Laplace distribution. Indeed this
p.d.f. is given by:

30

ANNALES D’ÉCONOMIE ET DE STATISTIQUE

By using the arbitrage free condition, we get:

Finally it is easily checked that the risk neutral distribution depends on b0, b1
through b0 + b1 and c only. This property is satisfied if both α0 = b0 + α and
α1 = b1 - α depend on b0 + b1 and c only. It is easily seen that α0 and α1 are solutions of the equations:

and the result follows.

B. Pricing with Exponential-Affine Splines
i) The historical distribution
The distribution is given by:

where the constant a is fixed by the unit mass restriction. This p.d.f. can also be
written as:

where:
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Then the integral of the p.d.f. is:

We deduce the expression of the p.d.f.:

ii) The truncated Laplace transform:
Let us assume γ ∈ (cj, cj+1); we get:

iii) The arbitrage free conditions
The (untruncated) Laplace transform is given by:
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and the correcting factor α is solution of the equation:

or equivalently:

iv) The risk-neutral distribution
By multiplying the historical p.d.f. by exp (αy + β + r), we get a risk-neutral
density with an exponential-affine spline representation. The limiting points of
the partition cj, j = 1,…, J are unchanged, whereas the parameters of the truncated
exponential distributions become:
tely deduce that:

Thus the risk-neutral p.d.f. is:

Since:

we immedia-
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v) The price of a call
Let us assume log k ∈ (cj, cj+1); the price of a call is given by:
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