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Estimation and
Identification of Structural
Parameters in the Presence
of Multiple Equilibria
Russel W. COOPER *
ABSTRACT. – This paper studies quantitative implications of model economies that exhibit multiple equilibria. The goal is to assess two interrelated issues. First, do economies with multiple equilibria have falsifiable predictions? Second, is identification possible in economies that exhibit multiple equilibria? Put differently, are these economies observationally equivalent to economies with unique equilibria? We raise these questions
within a general framework and then study a series of examples to determine how the existing literature has addressed them.

Identification des paramètres structurels dans les
modèles à équilibres multiples
RÉSUMÉ. – Ce papier étudie les implications quantitatives dues à la présence d’équilibres multiples dans certains modèles. Nous cherchons à étudier deux problèmes reliés. Premièrement, les modèles à équilibres multiples peuvent-ils être rejetés par les données ? Secondement, l’identification est-elle possible dans des économies qui présentent des équilibres
multiples ? Dit différemment, ces économies sont-elles équivalentes du
point de vue observationnel à des économies qui possèdent un unique
équilibre ? Nous posons ces questions dans une cadre général et étudions
un ensemble d’exemples pour déterminer comment la littérature existante
les a traitées.
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1 Overview
There are now a plethora of examples of economies which exhibit multiple
equilibria. These examples exist (even thrive) in almost all aspects of
economics: business cycle theory, open economy macroeconomics, game
theory, growth theory, income distribution, industrial organization, labor, etc.
The popularity of this approach indicates that the multiple equilibrium
perspective provides insights into a variety of economic observations. In some
cases, these models have been used, often informally, as a basis for policy
interventions.1
But, to many economists, model economies that exhibit multiple equilibria
are viewed as poorly suited for economic analysis. In particular, it is sometimes claimed that these models have no testable implications and thus cannot
be falsified.2 Further, due to the multiplicity they are supposedly not useful
for comparative static exercises that underly policy analysis: with multiple
equilibria, it is not clear how policy variations will effect outcomes, absent a
selection mechanism.
For those economists who think that allowing multiplicity is a useful
(essential) way to confront reality, these arguments provide a challenging
critique. For those who want to dismiss the multiple equilibrium perspective,
these are powerful arguments. Either way, we ought to evaluate them. That is
the purpose of this paper.
More precisely, the goal is to make progress on answering two questions
that bear on the ability of models with multiple equilibria to confront data:
— Can a model with multiple equilibria be rejected?
— Can the parameters of a model with multiple equilibria be identified?
While clearly related, these are intended to be two different questions. The
first takes as given a model economy with multiple equilibria and asks
whether there are observations that could falsify the model. The second question considers a larger set of economies (that includes the model with multiple
equilibria) and asks whether the parameters of the model can be identified.
The approach we take is to examine a series of examples from various
branches of economics.3 At one level, these examples indicate the usefulness
of models of multiple equilibria in an informal way: the researcher has some
observations which motivate the consideration of a model with multiple equilibria. But, our goal is to go further by examining how these examples of
multiple equilibria have been used to confront data. Thus we are forced to
address the issue of identification in models economies with multiple equilibria.4
1. Included here would be explicit policies such as deposit insurance, government provided guarantees, numerous discussions of currency crises and debates about the nature of aggregate
fluctuations that rely, in part, on fluctuations in confidence.
2. See, for example, the discussion in WOODFORD [1987] and the comments in AIYAGARI [1995] on
these points.
3. Of course, theorems would be preferred but we start with examples to explore the themes.
4. Identification is vital for the design of welfare improving interventions. However, in some cases,
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The first part of this essay provides a general framework for the discussion
of these issues.5 In addition, some abstract examples, drawing on JOVANOVIC
[1989] and BRYANT [1983], are presented to fix ideas. In the second part of the
essay, we examine a variety of applications to better understand how
researchers are coping with identification issues when evaluating models of
multiple equilibria.6

2 Abstract Formulation of the Problem
While many applications studied below are dynamic, the basic themes of
this essay can be adequately conveyed in a static formulation. We use this
structure to discuss multiple equilibria and then estimation. This section
concludes with some examples.

2.1 Theory
Following COOPER and JOHN [1988], consider a game played by a large
number of agents. Each agent chooses an action e from a compact, convex
subset of . The payoff of the agent is given by σ (e,E; X,) where E is,
say, the average of the actions chosen by other players in the game, X is the
realized value of an exogenous variable that is common to all agents and  is
a vector of parameters characterizing the payoffs of the agent. Assume that
σ (e,E; X,) is continuously differentiable and strictly concave in e. The
agent’s optimization problem generates a unique optimal response given by
e = φ(E; X,), a reaction function. This is shown in Figure 1.
Given that all agents have identical payoffs, we focus on the set of
symmetric Nash equilibria defined by
ξ(X,) = {e|e = φ(e; X,)}.
Assume that the set of Nash equilibria ξ(X,) is non-empty for all values
of (X,).7
Note though that the equilibrium need not be unique. As argued in COOPER
and JOHN [1988], a necessary condition for multiple symmetric Nash equilibria is strategic complementarity: e = φ(E; X,) is increasing in E.8 For
the purposes of our discussion here, the issue is not conditions for multiplicity
5. This structure follows COOPER and JOHN [1988] and focuses on strategic complementarities as a
basis for multiple symmetric Nash equilibria. Of course, multiple equilibria may arise in other
games in which there are strategic substitutes, though these are not symmetric equilibria. Further, it
is understood the multiple equilibria may also arise in fairly standard general equilibrium models
as well as dynamic economies, such as overlapping generations models.
6. Of course, we have chosen a select set of examples for this purpose. There are many more in the
literature.
7. See COOPER [1999] for more details on conditions such that this set is non-empty.
8. As is understood, these strategic complementarities also can magnify and propagate shocks.
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FIGURE 1
Policy Function

per se but rather the implications of multiplicity for the estimation of the
parameter vector  and for evaluating how well the model fits observations.
This quantitative analysis requires the specification of a mapping from the
set of equilibria into a time series (or panel) of outcomes. One common
approach is to assume the existence of a random variable (a sunspot),
observed to all agents, which selects from the set of Nash equilibria. This is
often viewed as extrinsic uncertainty in that this random variable does not
influence anything fundamental to the problem, it simply influences beliefs.
Let (X,) represent the set of probability distributions over the set of
equilibria, ξ(X,). A sunspot process is given by a π ∈ such that π specifies the likelihood of observing each equilibrium in ξ(X,).9 Of course, this
sunspots approach brings a lot of “coordination” to a problem of coordination
and is thus somewhat unappealing. Instead, one might imagine a more elaborate process by which individual agents’ beliefs dictate their actions and those
beliefs then evolve as a function of history. Alternatively, as discussed in
JOVANOVIC [1989], one might look more generally at the restrictions imposed
by the set of Nash equilibria without any selection from that set.

2.2 Estimation
Suppose that a data set is generated by this “economy” consisting of
D = (et ,X t ) for t = 1,2,...T. 10 The problem for the applied economist is to
use Z to infer something about  and about the sunspot process. Denote by
9. The sunspot process need not put positive probability on all equilibria. These restrictions may be
imposed by the researcher a priori.
10. In the applications, we will discuss further the nature of observables to the researchers versus the
private agents. As all shocks are common and all agents are identical, there is no additional information contained in a panel as long as the agent’s choice are part of a symmetric Nash
equilibrium. We assume for now that this is indeed the case. CARLSSON and VAN DAMME [1993]
argue that in economies with heterogeneous agents due to incomplete information, there may be a
natural selection from the set of equilibria.
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+ the expanded parameter set includes both the primitive parameters  and
those that describe the sunspot process.11 We discuss two approaches: method
of moments and maximum likelihood.
2.2.1

Method of Moments

Let MT be a set of moments calculated from this data set.12 Further, let
M() be a mapping from the parameters of the coordination game to a set of
moments calculated from a simulated data set that, like D, includes observations on economy efforts and the exogenous variables. We denote this data
set, contingent on + as {D(+ )}. To create this simulated data set, imagine
generating a sequence of exogenous variables, X, and, for a given + , generating a sequence of equilibrium actions, perhaps through a sunspot process to
select from the set of Nash equilibrium. Calculating a set of moments from
this simulated data set creates M(+ ) .
Then, one approach to estimation solves:
(1)

min(MT − M(+ ))W (MT − M(+ ))
+

where W is a square weighting matrix and MT − M(+ ) is the difference
between the actual and the simulated moments. When the model is exactly
identified (the number of elements in + equals the number of moments),
then W is immaterial. But, if the model is overidentified (the number of
elements in + is less than the number of moments), then the choice of W is
important for efficiency.
This is a good point to be a bit more precise about the implications of identification and multiplicity of equilibria. Suppose, that M() is a one-to-one
function: for each value of  the model generates a unique set of moments and
for each value of the moments, there is only one value of  that could generate
that value.13 In that case, there is clearly only one value of  that could generate the observed moments. Clearly, the minimization problem in (1) produces
a consistent estimate of .14 This case is illustrated in Figure 2.15
The problem of identification arises when there are multiple values of 
that can match the observed moments. Note that here the model is identified
locally (there is not a problem of local flats) but there is no global identification. In other cases (examples are given below), the identification problem may
be local. This is shown in Figure 3.
In the case of multiple equilibria: for a given , there are multiple moments
that can be generated.16 So, M() is not a function. This is logically distinct
from the standard identification problem. But, it does turn out, that some
models may exhibit both multiple equilibria and also have identification problems. This case is shown in Figure 4.
11. If for example, the sunspot process follows a first-order Markov process, then + would include
the elements of the transition matrix characterizing the sunspot process.
12. At this point, we are not that precise about which moments are here. Details on that important
issue follow below.
13. Note that here we are excluding the sunspot variables from  as we are assuming there is a
unique equilibrium.
14. See the discussion and references in GOURIEROUX and MONFORT [1996] and HANSEN [1982].
15. This figure and the others that follow are taken from joint work with Jérôme ADDA.
16. Note again that the domain here is .
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FIGURE 2
Just Identification

FIGURE 3
Non Identification

FIGURE 4
Multiple Equilibria

As we shall see, in some cases when the sunspot variables are added to  to
create + , an identification problem arises. Importantly, this depends, among
other things, on the moments selected. Though the underlying sunspot may
not be observed by the econometrician, variations in the transition matrix may
have observable implications and, thus, the sunspot process may be identified. Still, a key issue in the identification is the discrimination between two
sources of variations in observable economic variables: sunspots and fundamental shocks (X).17

17. This is an identification problem: can we jointly estimate the probability distributions of both
fundamentals and sunspots?
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2.2.2

Maximum Likelihood

A second approach is to consider the estimation of parameters through a
maximum likelihood procedure.18 In the usual case of a linear regression
model, y = Xβ + ε , we make an assumption about the distribution of the
errors.19 We, then, express the likelihood of the data as a function of the parameters (β) of the model and proceed to the maximization of the likelihood
function.
In the presence of multiple equilibria, maximizing a likelihood function is
not as easy.20 First, economies that generate multiple equilibria are inherently
nonlinear so that simple linear representations may be inadequate. Second,
the sunspot variables reappear as a type of latent variable, observable to
private agents but not to the researcher.
Suppose we have the data set D and wish to write down the likelihood of an
observation for a particular year, (et ,X t ).21 Partition X t into two components,
(X t1 ,X t2 ) and assume that while X t is observed by private agents, only X t1 is
observable to the researcher. So, X t2 plays the role of the error term in the
linear regression. Then, the likelihood of observing (et ,X t1 ) is:
(2)

L
H
L (et ,X t1 ) = q L
(et ,X t1 ) + (1 − q)L
(et ,X t1 ).

Here q represents the probability of the pessimistic sunspot (superscript L)
variable and (1 − q) is the probability of optimism (superscript H). For each
realization of the sunspot variable, there is a distinct piece of the likelihood
function.22 Effectively, these branches of the likelihood function calculate the
probability of observing (et ,X t1 ) conditional on the sunspot variable.
The likelihood function thus integrates over the two random variables not
observed by the researcher. The first is the sunspot variable. The second is
j
X t2 , the part of X t that only agents observe. Thus, L (et ,X t1 ), for j = H,L is
the probability of X t2 taking a value so that we would observe (et ,X t1 ), given
that the sunspot takes value j.
With this construction, the likelihood of the sample is then:


L
H
L (D) =
(et ,X t1 ) + (1 − q)L
(et ,X t1 ) .
q L
(3)
t

Maximization of this likelihood will lead to estimates of the underlying
parameters of the payoff functions as well as to estimates of q. Essentially,
the probability of the optimistic sunspot variable is determined by the likelihood function putting weight on each of two regimes (optimism and
pessimism) so as to maximize the likelihood of observing D.
18. I am grateful to Stéphane GRÉGOIR, Simon GILCHRIST and Paul RUUD for discussions on this material.
19. Note that the method of moments does not need any such assumption.
20. See BRESNAHAN/REISS [1991] for a discussion of problems with maximum likelihood estimation
in games with multiple equilibria and illustrations in an entry game.
21. Once we have a likelihood for a single observation we can quickly generate a likelihood function
for the entire sample given that the shocks are assumed to be iid. If they are not, then the likelihood is slightly more complicated.
22. See BISIN/MORO/TOPA [2002] for an alternative approach that puts all the weight in the likelihood
function on the most likely equilibrium and thus does not utilize an explicit sunspot process.
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2.3 Examples
Here, we illustrate these issues by building upon an example from
JOVANOVIC [1989]. Consider a game played by two agents, i = 1,2 . Each
agent can choose to participate in an activity: xi = 1 indicates participation
by agent i, and xi = 0 means no participation. If the agent chooses not to
participate, then agent i receives a payoff of zero: σi = 0. If agent i chooses
to participate, then the payoff is given by:
(4)

σi = λx −i − µ

where x −i is the action taken by the other agent. Here, λ is a parameter that
we are seeking to estimate and µ is a random shock to the value of participation (assume that it is a common shock). Suppose that µ is uniformly
distributed on [0,1], so there are no parameters of this distribution to estimate. If λ is positive, the model exhibits a strategic complementarity: the
value of participating is higher if the other agent participates.
In fact, this complementarity is sufficiently strong that it is always an equilibrium for neither agent to participate. That is, if x −i = 0 , then the best
response of agent i is to set xi = 0 as well regardless of the realized value of
µ.
But, for some values of µ, there is also an equilibrium with participation.23
In particular, if λ  µ, then x 1 = x 2 = 1 is a Nash equilibrium. Still, even
when λ  µ, the equilibrium with x 1 = x 2 = 0 exists. The equilibrium in
x 1 = x 2 = 1 clearly Pareto dominates the one with x 1 = x 2 = 0. A coordination failure occurs when λ  µ and the equilibria with x 1 = x 2 = 0 is
observed. This is a form of social but not individual inefficiency.
Suppose that a researcher observes a time series of actions chosen by the
two agents: D = (x 1t ,x 2t ) for t = 1,2,3,...T.24 The goal of the researcher is
to estimate the single parameter that governs the interaction between the
agents, λ. Knowing λ is important for determining if there are coordination
problems and also in designing remedies. Can the researcher estimate λ?
Here, the issue of equilibrium selection is important for identification. For
example, suppose that agents in this economy are very pessimistic about the
participation of the other agent. This pessimism leads them never to participate, regardless of the realization of µ. In this Nash equilibrium, the time
series of participation decisions will clearly not be informative about λ : identification is not possible.
Alternatively, suppose that agents are optimistic so that in the event of
multiple equilibria, agents participate. In this Nash equilibrium, x 1 = x 2 = 1
will be observed whenever λ  µ. The researcher will then observe a fraction
of the time series in which agents participate and a fraction in which they do
not. Given the assumption that the distribution of µ is uniform on [0,1], the
maximum likelihood estimate of λ will equal the fraction of observations in
which x 1 = x 2 = 1.
Finally, suppose that if there are multiple equilibria (λ  µ), then agents
will participate with probability q. Then observed participation rates yield an
23. There is also a mixed strategy equilibrium.
24. So, here, the unobserved variable to the researcher but not to the private agents is µ.
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estimate of the product qλ but not the individual terms. Nonetheless, in this
case the researcher can determine whether a complementarity is present and
thus whether there is a potential for coordination failure.
A second example draws upon the effort game presented in BRYANT [1983].
This example, with a continuum of symmetric Nash equilibria, illustrates the
severity of the identification problem.
Suppose there are I agents each setting a level of effort (ei ) for i = 1,2,..I
in the interval [0,1]. Suppose that payoffs are given by:
(5)

σ (ei ,e−i ) = a min(e) − ei

where e is the vector of effort levels by the I agents so that min(e) is the
lowest effort level and a is a parameter. If a > 1, then there is a continuum of
Nash equilibria indexed by the level of effort in [0,1]. Of course, ei = 1 for
all i is the Pareto dominant equilibrium and, thus, any effort level short of this
is a coordination failure.
The issue though is what this model allows us to identify from observations.
Suppose that the researcher observes the average level of effort in this
economy. In equilibrium, of course, this average level is the same as the equilibrium level. Absent a mechanism for selection, for a given value of a > 1,
any level of activity could be an equilibrium. Further, and more importantly
for identification, the set of equilibria does not vary with the parameter a, as
long as it exceeds unity. Thus, this example illustrates a case where the
moment predicted by a model may not even be locally unique: identification
is not possible. Note though that this example is special in that the multiplicity is extreme: none of the equilibria are locally unique.

3 Financial Intermediation and the
Great Depression
To illustrate these issues in an explicit example, we consider the economy
explored in COOPER and CORBAE [2001]. One point of that exercise was to
explore whether a model of multiple equilibria based upon a complementarity
in the intermediation process could match certain features of the Great
Depression. Here, we focus on a simple parametric example taken from that
paper.
The COOPER and CORBAE [2001] overlapping-generations economy had a
number of key ingredients:
— Heterogeneous households that lived for two periods; working in youth
and consuming in both youth and old age,
— Two stores of value: money and “bank” deposits,
— Intermediaries with fixed costs of operation that are borne by the agents
joining the intermediary,
— Firms that hire workers using funds borrowed from the intermediary.
ESTIMATION AND IDENTIFICATION OF STRUCTURAL PARAMETERS
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The key to the multiplicity of equilibrium is the endogenous market participation of the households. In one equilibrium, many households participate in
intermediated activity thus increasing the returns to participation for all
agents. In another equilibrium, many households hold money as a store of
value. Consequently, the households who do join the intermediary bear relatively large fixed participation costs. COOPER and CORBAE [2001] construct
sunspot equilibria by randomizing across these two steady states. They are
able to match some of the prominent features of the Great Depression in their
parameterized economy.

3.1 Households
The key to the model is the household’s choice between holding money and
joining the intermediary. Due to the presence of the fixed cost of operation,
the return to joining the intermediary is an increasing function of the number
of other agents in this coalition. Thus, as in BRYANT [1987] and WEIL [1989],
there is a complementarity in the intermediation process. This complementarity can generate multiple equilibria: if many (few) of agents join the
intermediary, then the fixed costs borne by each household is relatively low
(high) and thus (not) joining the intermediary is optimal.
A household of generation t has preferences given by:

(6)

ln

1+γ

ctt

n
− t
1+γ



 t 
+ β E t ln ct+1

The labor supply decision of a household is simply:
1

n st = wt γ .

(7)

Note that this decision is independent of any intertemporal rates of return.
Given a real wage (wt ) and real return on savings (rt ), households choose to
either hold money as a store of value or join an intermediary. If a household
joins the intermediation coalition, they incur a fixed cost of τ and earn a
marginal of rt . The loan supply for this household is:
1+γ

(8)

β(α − τt )
γ
+ φwt
lt =
1+β

where φ = βγ /[(1 + β)(1 + γ )] and α is the endowment. If a household
holds money, then labor supply is again given by (7) and money demand is:
1+γ

(9)

mt =

βα
γ
.
+ φwt
1+β

COOPER and CORBAE [2001] assume three types of households. Let type i
have endowment level αi and let Ai be the fraction of this type where
α1 < α2 < α3 . Let Hi be the fraction of households with endowment level
equal to or bigger than αi and let µ(αi ) be the mean endowment level for
10

these households. Estimation of this simple income distribution is an important element in matching observations of the Great Depression.

3.2 Firms
Firms have access to a production technology that converts labor input in
period t into period t+1 output. Assume that the production function for a
representative firm is f (n) = n ξ , so that labor demand is:
n dt

(10)

=

1
1−ξ

ξ
wt (1+rt )

.

Note that labor demand depends on the interest rate as firms must borrow to
finance their wage payments.
COOPER and CORBAE [2001] assume two types of firms: type j has fixed
costs of production k j and Fj is the fraction of firms with costs equal to or less
than k j , where k1 < k2 . As firms borrow to finance wage payments, their loan
demand is wt n dt .

3.3 Multiple Steady States and Sunspots
A steady state equilibrium is characterized by a wage rate, an interest rate
and a price level such that all agents (households and firms) behave optimally
and all markets clear. For this example, there may be multiple steady states.
The first is an optimistic equilibrium: type 1 households hold money while
types 2 and 3 join the intermediary and all firms produce. The second is a
pessimistic equilibrium: only type 3 households join the intermediary and
only type 1 firms produce.
A stationary sunspot equilibrium indexes all the equilibrium prices and
quantities by an extrinsic (sunspot) variable (θ) that determines which of the
equilibria will arise in a given period. COOPER and CORBAE [2001] argue that
their model has two steady states. Given this, they construct a two-state
sunspot equilibrium where the states are denoted optimism (θ = θo ) and
pessimism (θ = θ p ). Let the sunspot variable follow a first order Markov
process and let be a 2x2 transition matrix for θ. An element of is given
by:
(11)

(i, j ) = Pr (θt+1 = θ j |θt = θi )

We first discuss the set of steady states and then consider sunspots. For the
economy outlined above, the equilibrium interest rates and wages (as functions of (Hα ∗ (θ ), Fk ∗ (θ ) )) satisfy:
  1+β 
(12)

1 + r (θ ) = ξ(F (θ ))
k∗

1−ξ



β

(1 − φ Hα ∗ (θ ))

µ(α ∗ (θ )) − 

 γ +1−ξ
1+γ
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and

(13)

w(θ ) =

 γ
ξ(Fk ∗ (θ ))1−ξ 1+γ −ξ
1 + r (θ )

From these expressions, an equilibrium with high household participation at
intermediaries (optimism) will imply, from (12), low interest rates because the
fraction of agents participating in loan activity (Hα ∗) and the flow of loans
(µ(α ∗ )) will both be large. The effect on interest rates may be offset by
higher firm participation (Fk ∗ ). From (13), wages will rise from the increased
labor demand induced by the fall in interest rates and higher firm participation.
To guarantee that these conjectured asset market participation patterns are
optimal requires a check on the participation decisions of the different households and firms. The expressions for interest rates and wages can be used to
solve for the equilibrium choices of households and hence their expected lifetime utility. Recall that (θ ) is the difference in utility between making loans
and holding money. For this example,


τ (θ )
(θ ) = (1 + β)ln 1 −
+ βln (1 + r (θ ))
(14)
α + ω(θ )
where:

ω(θ ) =

γ
1+γ



1+γ

w(θ ) γ

and τ (θ ) = /Hα ∗ (θ ) . From (14), we see the cutoff property for asset market
participation: given (w(θ ), r (θ ), τ (θ )) only agents with sufficiently large
endowments will join the intermediary since the utility differential is
increasing in α .
The optimistic equilibrium with household types 2 and 3 joining the intermediary coalition arises if (14) is positive for endowment levels α2 and α3 .
This condition is evaluated with τ = /Hα2 , using Hα2 and µ(α2 ) to determine interest rates and wages. In an optimistic equilibrium, we must also
check that both firm types make positive profits. Similarly, the conditions for
the pessimistic equilibrium can be checked as well.
If these conditions hold, then the economy displays multiple steady states,
indexed by θ. In effect, the multiple steady states correspond to a particular
sunspot transition matrix, with ones on the diagonal. But, there are generally other sunspot equilibria in the neighborhood of this extreme transition
matrix.25 With the preferences assumed in the example, introducing sunspots
will only influence the asset market participation decisions. In each of the
steady states constructed above, all of the asset market participation decisions
25. As these models are built around strategic complementarity, the sunspots are in the neighborhood
of the steady state. This contrasts with the conditions for sunspot equilibria in overlapping generations models, as in AZARIADIS [1981], as the connection to deterministic cycles, as in AZARIADIS
and GUESNERIE [1986], is not present.
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were strict inequalities. Therefore, a matrix with elements near one on the
diagonal will not change these decisions either.
Thus, it is easy to construct sunspot equilibria in the neighborhood of these
two steady states. Let oo and pp denote two critical transition probabilities. Then, by the arguments above (formalized in COOPER and CORBAE
[2001], there will exist sunspot equilibria for any
as long as oo  oo
and pp  pp .
Of course, these equilibria depend on the parameters of preferences, technology and the sunspot process. We turn to estimation now.

3.4 Parameterization
Let + be the list of parameters that include:
— Household parameters: (γ ,β),
— Wealth distribution,
— Firms parameters: (ξ, ),
— Distribution of firm’s fixed costs,
— Fixed cost of intermediation: ,
— The transition matrix for the sunspot variable,

.

The value of + is chosen to minimize the distance between actual and
simulated moments. This procedure will produce consistent estimates of + .
For their exercise, COOPER and CORBAE [2001] only estimated the household
income distribution and the verification costs as these were key to the multiplicity of equilibria. Of course, in principle, the estimation could have been
broadened to estimate more parameters and more moments.26
COOPER and CORBAE [2001] assume that the US was in an optimistic equilibrium pre-1929 and, then, was in a pessimistic equilibrium over the 1930-33
period. This is necessary for the calibration since the only source of fluctuations is in the sunspot process. So, the estimation essentially chooses
parameters to match moments for the two steady states outlined above.27 In
each case, the participation decisions are checked to guarantee that the multiplicity exists for the particular parameterization.
The moments chosen, under optimism and pessimism, were: real interest
rates, currency/deposit ratios, deflation, output growth and velocity growth.
These moments were selected for their salience in the ongoing discussion
over the Great Depression.28
Tables 1 and 2 present the predictions of this economy, based upon the estimated (household income distribution) and calibrated (all others) parameter
values given there. COOPER and CORBAE compare steady states of the model
against observations before (optimism) and during (pessimism) the Great
Depression.29

26. Further, the model could include more shocks and thus be more capable to match other moments.
27. As discussed below, this is sufficient to solve for a sunspot equilibrium.
28. There were therefore 6 parameters estimated from 7 moments: the parameters were overidentified.
29. A more recent version of that analysis introduces money growth into the model.
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TABLE 1
Steady State Value
Variable

real interest
rate %
currency
/deposit

TABLE 2
% Change: Optimism to Pessimism

Optimism
(model, data)

Pessimism
(model, data)

Variable

(model, data)

deflation

(61, 33)

(8.6, 7,4)

(10.1, 11,3)

production

(– 11, – 36)

velocity

(– 65, – 35)

loans/output

(– 12, – 10)

real wages

(– 0.6, – 9)

(0.079, 0.086)

(0.233, 0.227)

Parameters:
 = 0.0055 ,
[k1 = 0,k2 = 0.06],
F1 = 0.95,
[A1 = 0.36,A2 = 0.55] , β = 0.9, ξ = 0.9 , φ = 1.11.

γ = 0.05 ,[α1 = 0.23,α2 = 0.25,α3 = 12] ,

From Table 1, the estimated model is able to match the currency/deposit
ratio is higher in the pessimistic steady state, rising from 0.079 to 0.233. It
rose from 0.086 to 0.227 in U.S. data. The interest rate on loans rises from 8.6
to 10.1 % while in U.S. data the real ex post return on short term government
debt increased from 7.4 % in 1929 to 11.3 %. The model is unable to match
the movements in the loan/deposit ratio principally because our banks have no
other assets to hold.
From Table 2:
— Real output does not fall as much in the model as it does during the Great
Depression. This reflects the absence of other factors such as real investment and inventory changes that may have magnified these effects.
— Consequently, the model predicts too much deflation relative to observation,
— The model predicts a fall in loans relative to output but not in the
loan/output ratio. This is consistent with observations
— Given that labor supply is so flat, wages do not vary much.
One very interesting element in the example is that the fixed cost is only
about 1 % of deposits. Still, this small fixed cost can produce multiple equilibria due to the swing in the middle class whose asset holdings change across
the two steady states.
In a sunspot equilibrium constructed by randomizing in the neighborhood
of the two steady states, the movements of the variables across the states are
given in Tables 1 and 2. Subject to there being a sunspot equilibrium, labor
supply and savings decisions, given the special preferences assumed in this
example, are independent of the sunspot process.
In fact, one can calculate how much persistence in each state is necessary to
have a sunspot equilibrium. This is of interest since one suspects that
pessimism is not close to a permanent state. For our example, we can support
a sunspot equilibrium in which oo  0.99 while pp  0.5. Thus, the
pessimistic state need not be very persistent though the optimistic state is
fairly persistent and, thus, switches to pessimism (such as a Great Depression
episode) are relatively infrequent.
So, returning to the theme of this paper, is this an example of success in the
“estimation” of a model built upon multiple equilibria? At one level, it
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certainly is since the mapping from parameters to observations (simple
moments) allowed us to determine some of the key parameters of interest.
Certainly, there are parameters that we did not estimate but there is nothing in
the procedure per se that limits the estimation in that way. The model, as
noted above, is (informally) quite far from observation: we would reject the
overidentified model.30
On the key issue of identification, note that in fact COOPER and CORBAE
were unable to go beyond restricting the sunspot process to an interval. Again,
it appears that this is a consequence of the functional forms they choose in the
analysis since real decisions on labor supply and savings appear to be insensitive to real returns. So, perhaps in a model with richer preferences, the
sunspot process could be more precisely estimated from observations on
consumption, employment and even asset prices.
A final point concerns a competing model. It might be possible to construct
a model that has a unique equilibrium with fluctuations driven by real shocks
to a banking technology. That model may appear to be observationally equivalent to the one constructed by COOPER and CORBAE. Yet, at least informally,
the response of the economy to confidence building measures by the
Roosevelt Administration in the mid 1930s lends some additional support in
favor of the sunspot perspective.

4 Aggregate Fluctuations with Technological Complementarities
Similar issues of identification arise in stochastic business cycle models in
the presence of technological complementarities, see Bryant [1983],
BENHABIB and FARMER [1994], BAXTER and KING [1991] and COOPER [1999].
In these models, the production function for a representative firm includes
some measure of aggregate production. The idea is to introduce a complementarity into the production process so that high levels of activity in other
firms implies that a single firm is more productive as well.31 Let y represent
the output at a given firm, Y be aggregate output, k and n the firm’s input of
capital and labor respectively. Consider a production function of:
(15)

y = Ak α n φ Y γ

where A is a productivity shock that is common across producers. Here, γ
parameterizes the interaction between producers. If γ is positive, then there is
a complementarity at work: as other agents produce more, the productivity of
the individual agent increases as well. This production function can be
30. Of course, the model also does not allow any fluctuations conditional on a regime and, hence, is
clearly at odds with observations on that basis. One might add other sources of fluctuations, such
as TFP shocks.
31. The presence of the complementarity is of interest as a means of propagating and magnifying
shocks and also as a basis for multiplicity.
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imbedded into a stochastic growth model. Consider the problem of a representative household with access to a production technology given by (15). As
all agents are identical and all shocks are common, the representative household will accumulate its own capital, supply its own labor and interact with
other agents only due to the technological complementarity. Thus, the household solves:
maxE

(16)

∞


β t u(ct ,lt )

t=0

subject to:
(17)

lt + n t = 1

(18)

ct + i t = yt

(19)

kt+1 = kt (1 − δ) + i t

(20)

yt = Aktα n 1−α
Yt
t

γ

In this optimization problem, the individual household takes Yt as given. In
a symmetric equilibrium, yt = Yt . As in BAXTER and KING [1991], this equilibrium condition is neatly imposed through the first-order conditions when
the marginal products of labor and capital are calculated.
From the set of first-order conditions, the symmetric equilibrium can be
analyzed by approximation around a steady state.32
The distinguishing feature of this economy from the traditional RBC model
is the presence of the technological complementarity, γ. We focus our discussion on estimating this parameter either directly by estimation of (15) or by
inferring it from the equilibrium.

4.1 Production Function Estimation
COOPER and HALTIWANGER [1996] discuss evidence on estimates of γ from a
variety of sources. COOPER and JOHRI [1997] provide estimates of both
contemporaneous and dynamic production complementarities.
A key element in this exercise is, of course, identification. In particular,
how can a researcher distinguish variations in output and productivity that
arise from a common shock from those that arise endogenously through the
production complementarity? The key is to find variables that are independent
of the technology shocks (A) but are correlated with output movements.
Naturally, one turns to policy interventions for this purpose.
In equilibrium, there is an identification problem that can be seen directly
from (15). Imposing yt = Yt and taking logs, (15) becomes:
(21)

lnyt =

ln At
α
φ
+
lnn t
lnkt
1−γ
(1 − γ )
(1 − γ )

32. Of course, there is the issue of which steady state in the event there is more than one. In these
papers, there is generally a unique steady state. The multiplicity arises from the presence of a
continuum of paths converging to a steady state.
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Clearly, there is no way to identify the three parameters characterizing the
technology from the two regression coefficients.
BAXTER and KING [1991] estimate γ by imposing constant returns to scale
α + φ = 1.
Using demand side instruments, they estimate γ of about .33.
COOPER and JOHRI [1997] estimate a version of (21) that includes both
contemporaneous and dynamic interactions in the production function. Their
data is a panel at the two-digit level and they exploit sectoral variation in their
estimation. They use monetary innovations as instruments and find evidence
of both contemporaneous and dynamic complementarities. In particular, when
constant returns to scale to own inputs is imposed, COOPER and JOHRI [1997]
estimate γ = .24 and a dynamic complementarity of .32.

4.2 Equilibrium Analysis
Instead of focusing on the production function parameters alone, one can
instead estimate parameters through the equilibrium of the model, as in
FARMER and GUO [1995]. In some cases, the production complementarity can
be large enough that multiple equilibria arise as described in BENHABIB and
FARMER [1994] and FARMER and GUO [1994].33 Here, multiplicity arises in the
form of multiple paths converging to a locally stable steady state rather than
multiple steady states. Given this indeterminacy, sunspots can be used to
select the transition path. These economies are of interest as well since they
illustrate the estimation of a dynamic sunspot equilibrium.
The economy studied by FARMER and GUO [1995] adds taste shocks to the
optimization problem of the individual household in (16). The model thus
contains two types of fundamental shocks (tastes and technology) as well as
sunspots (effectively Euler equation errors). They reduce the equilibrium
analysis to a system of stochastic difference equations and then estimate these
using instrumental variables.
FARMER and GUO [1995] find:
— support for the conditions for sunspot equilibria: the labor demand curve is
positively sloped and steeper than the labor supply curve,
— Euler equation (demand) shocks are important,
— parameter estimates: increasing returns to scale in labor alone
— though private return not estimated.
These results seem quite favorable to the sunspots approach. But a couple
of points of caution are in order.
First, the model is estimated with errors to the Euler equation. While one
interpretation of these errors has to do with the existence of a sunspot equilibrium, Farmer and Guo are appropriately cautious at this point. This shock
could in fact reflect a number of sources of variation that included in their
structural model, such as variations in government spending and shocks to the
intermediation process.34 Thus, there is a difficult identification problem that
33. For the analysis of BAXTER and KING [1991] and COOPER and JOHRI [1997], the steady state was
unique and saddle path stable.
34. See Cooper and Ejarque [2000] for a stochastic growth model with intermediation shocks and
INGRAM, KOCHERLAKOTA and SAVIN [1994] for maximum likelihood estimates of a stochastic
growth model including intermediation and technology shocks.
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remains in order to complete the argument that fluctuations are driven by
confidence alone.
Second, the results on the relative slopes of labor supply (negative) and
labor demand (positive) are, to say the least, rather unorthodox. The positively
sloped labor demand reflects increasing returns at the social level.35 Clearly
further evaluation of these results, relative to those found in the labor literature, seems in order.

5 Wage Inequality and Multiple
Equilibria
Labor economics must confront the observation of wage inequality. In the
U.S., there is considerable research effort in understanding the earnings
inequality between blacks and whites. The possibility, raised in the theoretical
work on signalling is that the wage inequality, as well as other differences in
labor market experience, may reflect the multiplicity of equilibria rather than
fundamental differences between groups.
To see how this may happen, we discuss informally the equilibria outlined
in COATE and LOURY [1993]. Suppose that firms have to assign workers to
either a simple or a complex task. Workers prefer to be assigned to the
complex task (perhaps reflecting higher wages or more prestige). Firms want
to assign only qualified workers to the complex task. Workers become qualified for the complex task by becoming educated (working hard at school)
though at a cost that is distributed across the workers (a proxy for ability).
The problem is that firms are unable to observe the education of the workers.
Instead, they observe a noisy signal of worker qualification. As underlying
worker quality is not observable, differences in wages and job assignments
will reflect the markets perception of the average ability of workers, given
education attainment.
It is then possible to construct equilibria in which workers from one group
(call it group A) invest less than workers from another group (B) simply
because the perceived returns to education are lower for group A workers.
Given this choice by workers in group A, a firm will assign that worker to the
complex task iff that worker ‘scores’ higher on a test of qualification than a
worker from group B. So, in equilibrium, the returns to education are indeed
lower for group A than for group B. Essentially, the fact that few workers in
group A decide to acquire human capital pulls down the return to that investment: a firm will interpret a good signal as luck rather than the outcome of
training.
These models of job assignment (and even ones with more elaborate structures for wage determination) can have multiple equilibria. In fact, there is a
close link between discrimination and multiplicity brought out in this discus35. Whether this is the same as increasing returns at the private level which is often found is not clear
since the private returns to labor is not estimated.
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sion. If there is discrimination in the sense that otherwise identical groups are
treated differently in equilibrium, then there must be multiple equilibria. In
the example above, assuming that the fundamentals of the two groups are the
same, one could simply switch the labels of the two groups and, thus,
construct an equilibrium in which the returns to education are lower for group
B than for group A.36
Thus, an interesting research question is whether observed time series variation in the black-white wage gap in the U.S. may reflect movements across
equilibria rather than changes in fundamentals. MORO [2001] addresses this
question.

5.1 Model
Here, we outline the model used by Moro and then turn to its empirical
implementation given the possibility of multiple equilibria.37
— Workers
There are two groups of workers which are identical except for a (pay-off
irrelevant) label. For concreteness, we call them black and white workers
since the empirical evidence is about this form of wage inequality.
Workers can either invest in human capital (train) or not. Investment is
costly (c) and this cost is distributed across the workers. Further, workers
differ in underlying ability. These differences in ability and the cost of
investment in human capital are not independent: the cost of training is
lower for high ability workers. Workers care about the returns to their
labor (the wage) less the cost of training. The wage, as discussed below,
reflects this signal of ability. Thus, the key to motivating a worker to train
is the differential between the wages received in the tasks they may be
assigned to.
After making a training decision, workers are tested. These test scores are
observable to the firms and along with the workers’ group identity are used
to determine wages and task assignment.
— Firms
There are many firms in the market. They hire workers and assign them to
tasks. Like the COATE and LOURY [1993] model, there are two tasks. The
first (simple job) does not require any training. The second (complex job)
does require training. Firms are unable to observe the ability of workers
and are also unable to observe the training of workers. Instead, they
observe a signal which reflects the workers training: a worker that trains is
more likely to obtain a higher signal. This signal is used by firms to set
wages and to determine the task of the worker.
— Equilibrium
Firms hold certain beliefs about the workers and use them to assign
workers to tasks and to pay them. The labor market is assumed to be
36. Though as discussed by MORO and NORMAN [2001] these arguments linking multiplicity to discrimination often exploit separability (in production,for example) across the groups of agents.
37. See MORO and NORMAN [2001] for a more detailed discussion of a closely related model.
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competitive so that wages in the two tasks equal expected marginal products, conditional on both the signal and the worker type. The equilibrium
revolves around the determination of critical test scores that determines
the assignment of a worker. If a worker scores in excess of this critical
score, then he/she is assigned to the complex task. Else, the worker is
assigned to the simple task.
As in the simpler model of COATE and LOURY [1993], the key to the multiplicity of equilibria is the implications of prior beliefs for firms’ decisions
on assignment of workers. If firms believe that the fraction of workers
who are training is low, then workers will not perceive any gains to
training: good test results will rationally be viewed as good luck.38

5.2 Estimation
Moro estimates the model using cross sectional data on wages of black and
white workers.39 The key to the estimation is the mapping from the structural
parameters to wage distributions. Then, having observations of wages, the
parameters can be estimated.
In a first stage, Moro estimates: the parameters of the testing technology,
the cut-offs on the tests, and the prior beliefs of firms about the fraction of
qualified workers in each group from observations on wage data. He finds (in
each of the three cross sections of data):
– The fraction of blacks investing is less than that of whites,
– The threshold signal for blacks exceeds that for whites,
– The model captures the relative wage distributions quite well.
Given these estimates, the second stage estimates the distribution of training
costs across the workers as well as the distributions of skills in the two
groups. Essentially the identification here is achieved by equilibrium restrictions: construct the distribution of costs such that the observations are part of
an equilibrium.
Moro then searches for other equilibria. He concludes that there were
multiple equilibria in one of the three years but that the economy selected the
equilibrium with lowest differentials in wages and investment.
This is a very different approach to studying multiple equilibria. Effectively,
Moro estimates a model assuming that the outcome is from a particular equilibrium and then, through functional forms, searches for other equilibria. One
concern with this approach stems from considering this procedure in a setting
where there are indeed multiple equilibria. How can we guarantee that an
adequate approximation around one of them (assume it is linear!) will necessary find other equilibria?

38. MORO [2001] does not supply conditions for multiple equilibria. MORO and NORMAN [2001]
supply intuition and a formal structure.
39. Importantly, available data on human capital investment and job assignments is not used in the
estimation.
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6 Social Interactions
The complementarities that underlie the basic model of COOPER and JOHN
[1988] also appear in a growing literature on social interactions. The basic
idea is that each agent has a reference group (eg, a neighborhood, a peer
group) that influences his/her behavior. For example, the agent may desire to
“conform” to the behavior of others and thus will tend to mimic their actions.
This creates a strategic complementarity: a single agent has an incentive to
mimic the actions of others.40 Here though the strategic complementarity is
associated with an interaction in preferences rather than in technology
(BRYANT [1983]) or trading opportunities (DIAMOND [1982]).
Empirically, there is evidence of correlated behavior across groups of agents.
The difficult part of empirical studies is determining whether these correlations
reflect common variations or some form of social interaction. This section
begins with a review of a basic model and then turns to estimation.
As MANSKI [1993] states it:
“This paper examines the ‘reflection’ problem that arises when a researcher
observing the distribution of behavior in a population tries to infer whether
the average behavior in some group influences the behavior of the individual
that comprise the group”.

6.1 Manski’s Model
Suppose that individual behavior is given by:
(22)

y = α + β E(y | x) + z η + µ

where the y denotes an outcome of individual choice (school achievement), x
are attributes of an individual’s reference group (school peer group), z and µ
are individual attributes where z is observable and µ is not observed to the
researcher.
The individual behavior depends on the group through the term E(y | x).41
Thus a key parameter is β. The determination of the individual choice is part
/ 0. To solve for the average level of
of a social equilibrium as long as β =
performance given (x,z), use (22) to obtain:
(23)

E(y | x,z) = α + β E(y | x) + zη.

Integrating this over z, the source of variation across individuals yields:
(24)

E(y | x) = α + β E(y | x) + E(z | x)η.

40. AKERLOF [1997] presents an informal overview of this approach to social interactions.
41. It is easiest to think of x here as an indicator variable of group membership so that E(y | x)
simply measures the average value of y across the members of group x.
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/ 1, there is a unique
Given the assumed linearity in (22), as long as β =
equilibrium of:
(26)

E(y | x) =

α
η
+ E(z | x)
1−β
1−β

This expression can then be used in (21) yielding:
(27)

y=

α
βη
+ E(z | x)
+z η+µ
1−β
1−β

The social interaction is parameterized by β which determines the response
of the individual to variations in the mean behavior of the reference group.
But, a regression based upon this equilibrium will not necessarily determine
all of the parameters uniquely: there is potentially an identification problem.42
The intuition parallels that given in the discussion of (21). In that case, the
own returns to factor input were impossible to distinguish from production
function interactions given aggregate observations. Here, we see that given
observations on group and not individual decisions, disentangling social interactions from the individual’s response to common sources of variation is not
possible. In some cases though, observations on individual choices (again in
parallel with the production function estimation) may facilitate identification.
Take, for example, the outcome of students in a high school. Suppose that
the average achievement of these students is quite high. Does this reflect the
‘productive atmosphere’ created by the interaction of these students or does it
reflect ‘good luck’ of having a great teacher in common? What types of
natural experiments and data would allow us to identify the interactions?
MANSKI [1993] presents certain conditions under which identification is
possible in (26). Clearly, if E(z | x) and z are independent, then the two coefficients obtained from (26) will enable a researcher to distinguish β from η.
Otherwise, identification will not be possible. If E(z | x) does not vary
across the reference groups, then this term is constant and β cannot be estimated even from a cross section of individuals. To appreciate the importance
of individual variations, suppose that individuals in a reference group had the
same value of z. Then again, it is not possible to distinguish β from η.

6.2 Binary Choice: Brock and Durlauf
BROCKI and DURLAUF [2000] study related models in which the binary
choice of an individual depends on the choices of others, as in the participa42. In fact, Manski makes this point even stronger with a more complex model:
(27)

y = α + β E(y | x) + E(z | x) γ + z η + µ

where E(µ | x,z) = x δ. The shocks (µ) may be correlated across individuals.
Substituting this equilibrium into (27) implies a reduced form model of:
γ + βη
δ
α
+ E(z | x)
+x
+ zη.
1−β
1−β
1−β
Here, it is very difficult to identify beta.

(28)
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E(y | x,z) =

tion complementarities in COOPER [1999]. BROCK and DURLAUF consider the
binary choice model:


max V ωi ,Z i ,µie (ω−i ),εi (ωi )
(29)
ωi ∈{−1,1}

where ωi is the choice of agent i, Z i is a vector of exogenous variables that
influences the preferences of these agent across the alternatives, µie (ω−i )
represents the beliefs of the agent over the binary choices of others and εi (ωi )
is an agent/choice specific shock.
Thus, the model of choice is similar to the binary choice models found in
other parts of economics with one additional feature: the returns to a particular choice depends on the choices of others. Of course, in this general form
the nature of this interaction is not clear. A strategic complementarity is
present if the likelihood an agent selects a particular action is higher if
‘others’ select that same action. By ‘others’ we mean agents whose choices
influence the payoffs to the agent whose behavior we are studying. As in the
discussion of Manksi’s model and in the discussion of the production complementarity model, determining the appropriate reference group is an important
open issue in this literature.
BROCK and DURLAUF [2000] propose specification of utility as:
(30)
 Ji j


V ωi ,Z i ,µie (ω−i ),εi (ωi ) = u(ωi ,Z i ) − E i
(ωi − ω j )2 + εi (ωi )
2
j=
/i
where Ji j is a weight that agent i places on the (expected) choice of j. A
simple model would have Ji j = J iff j is in i s reference group. Then J
would be added to the key parameter in estimation of the social interactions
effect.
BROCK and DURLAUF [2000] describe the estimation of this model once
structure is placed on the errors (eg, a logistic specification). Importantly,
there is the issue of the treatment of the expectations terms. One approach is
to think of these as additional regressors. A second, along the lines explored
above, is to supplement the model of choice with a rational expectations
restriction on the expectations of agent i. BROCK and DURLAUF [2000] follow
this approach as well though they use the variables that reflect the social interaction as regressors rather than solving for them as part of an equilibrium.43
Not surprisingly, many of the same identification problems arise in the
binary choice framework as in Manski’s model. However, BROCK and
DURLAUF [2000] argue that variations in the equilibrium selected across
‘neighborhoods’ can provide a basis of identification.

43. In the discussion of the Manski model, we solved for the equilibrium values of the groups means
and then substituted them back into the agents choice. The same issues arise in the estimation of
production functions. Using plant level data, for example, one can use sectoral or aggregate output
as a regressor and with appropriate instruments obtain consistent estimates.
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7 Conclusion
This paper began with the often expressed concern that models build upon
multiple equilibria, despite their intuitive appeal, and were incapable of
confronting data. The point of this paper was to argue, through selected examples, that in fact progress has been made to use observations to estimate
(some) parameters of these models and to falsify these models.
Note that the empirical approach described here rests upon versions of
simulated method of moments and/or maximum likelihood. This emphasis
does not imply that alternative means of model evaluation should not be
considered. For example, there may be certain experiments initiated by
government action (the introduction of deposit insurance, aspects of the
National Industrial Recovery Act, as in COOPER and HALTIWANGER [1993])
where the response of the economy reveals the resolution of strategic uncertainty.
Of course, a paper of this type must miss some important aspects of the
ongoing research on this topic. Unfortunately, the paper lacks any discussion
of work on experimental coordination games. In that research, the dynamics
of learning through the interaction of players is quite rich and may ultimately
provide the basis for the empirical evaluation of models of learning and selection. Further, recent results on coordination games with private information,

are unfortunately excluded for consideration.
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