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On Irreducible Economies

Michael FLORIG *

ABSTRACT. — Without a survival assumption, a Walras equilibrium may
fail to exist. Only the existence of a quasi-equilibrium can be proven.
Several notions of irreducibility were proposed in order to allow a weake-
ning of the survival assumption. We introduce an irreducibility condition
which generalizes previous contributions. The irreducibility condition is
necessary and sufficient in order to apply standard arguments for the tran-
sition from a quasi-equilibrium to a Walras equilibrium.

Without a non-satiation condition on the preferences, we show that our
arguments remain valid in the case of dividend equilibria.

Sur des économies irréductibles

RESUME. — Dans le modeéle d’Arrow-Debreu, I'équilibre de Walras
n'existe pas nécessairement sans une hypothése de survie. Sans cette
condition, seulement l'existence d'un quasi-équilibre est établi. Plusieurs
concepts d'irréductibilité ont été alors proposés afin de permettre d'affaiblir
I'nypothése de survie. Nous introduisons une condition d'irréductibilité
généralisant des contributions antérieures. Cette condition est nécessaire
et suffisante pour le passage du quasi-équilibre a I'équilibre concurrentiel
en appliquant des arguments standards.

Par ailleurs, en l'absence d'hypothése de non-saturation sur les préfé-
rences, Nous montrons que nos arguments restent valables dans le cas
des équilibres concurrentiels avec dividendes.
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1 Introduction

In the Arrow-Debreu model, the possibility of minimum-wealth situations
at some prices may lead to non-existence of a Walras equilibrium. At a
minimum-wealth situation, some consumers' income allows them to buy only
the cheapest bundles of goods within their consumption set. Usually one
prevents this situation from arising by an interiority condition, also called
(strong) survival or Slater assumption. Loosely speaking, such a condition
asserts that every consumer can consume some bundle of goods within the
interior of his consumption set without exchanging anything. Thisis satisfied
if every consumer'sinitial endowment isin the interior of his consumption set
and if each firm can remain inactive (cf. ARrRow and DeBreu [1954]). There
are two aspects to such an assumption.

Firstly, the strong survival assumption means that every consumer has
initially a positive amount of every existing commodity for trading. Already
ARrrROw and DeBReu [1954] stated that “[this assumption] is clearly unrea-
listic, and weakening is desirable’. Indeed, alot of commodities are not even
known by the consumers and most consumers have only one commodity to
sell — their 1abour.

Secondly, should an agent have no share in any of the firms, then this
condition can only hold if the consumption set has a non-empty interior. So
every commodity must be consumable by every consumer. This as well is
rather unrealistic. For example, industrial inputs are not all consumable by
individuals. Should a spatial interpretation be given to the model, then the
interiority condition implies that consumers can consume at two places simul-
taneously.

A weak survival assumption of the type that each firm can remain inactive
and that every consumer has an initial endowment in his consumption set
would be by far more acceptable. Then, consumers could have a zero initial
endowment for some commodities, and their consumption set could have a
non-empty interior. There are however ssmple and economically meaningful
examples where the Walras equilibrium does not exist because of the lack of
the strong survival assumption (see, for example, GALE [1976]).

Several authors established sufficient existence conditions which are
stronger than the weak survival assumption, but weaker than the strong
survival assumption. Considering instead the interiority condition, some sort
of connection between the agents via their preferences and initial endow-
ments, GALE [1957, 1976] established the existence of a Walras equilibrium
for linear exchange economies. He assumed that there are no two subgroups
such that group 1 has commodities group 2 likes, but group 2 has no commo-
dities group 1 likes. Furthermore, the weak survival assumption must hold.
One calls then the economy irreducible. There is a steadily growing literature
adapting this idea to the standard Arrow-Debreu model, establishing weaker
conditions for the existence of a Walras equilibrium than those stated in
Arrow and DeBreu [1954]. McKENzie [1981] commented on the theorem on
the existence of a competitive equilibrium: “Perhaps the most dramatic inno-
vation since 1959 is the discovery that the survival assumption, [...] can be
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dispensed with, in the presence of other assumptions, in particular the
presence of [the] Assumption [...] that the economy is irreducible’. The first
one to adapt Gae€'s irreducibility condition to the standard case was
McKenzie [1959, 1961, 1981, 1987] himself. Subsequent contributions
include ARrRow and HAHN [1971], Moore [1975], BERGSTROM [1976], SPIVAK
[1978], FLORENZANO [1981], GEISTDOERFER-FLORENZANO [1982], HAMMOND
[1993], MAXFIELD [1997].

Desreu [1962] proposed an auxiliary concept called quasi-equilibrium,
existing under the weak survival assumption. If no minimum-wealth situa-
tions occur at the quasi-equilibrium price, then this quasi-equilibrium is a
Walras equilibrium. ARrRow and HaAHN [1971] introduced a similar concept
called compensated equilibrium. The standard approach consists then in esta-
blishing an irreducibility condition which ensures that minimum-wealth
levels do not occur at any of the quasi-equilibria. An exception to this
approach is the one adopted by GaLE [1957, 1976], who relies heavily on the
linear preferences he considers. Considering net-trade sets HAMMOND [1993]
proposes an irreducibility condition which, under rather weak conditions, is
necessary and sufficient for excluding quasi-equilibria where minimum-
wealth situations may occur.

In the framework of a standard Arrow-Debreu economy with a productive
sector, but without non-satiation, we propose an irreducibility condition,
which will turn out to be necessary and sufficient to exclude quasi-equilibria
with minimum-wealth situations. If we restrict our framework to net trade
sets as in HammonD [1993], our condition does not reduce to his. The
proposed condition establishes a condition weaker than the currently known
conditions for the existence of a Walras equilibrium in the standard Arrow-
Debreu model including production. In fact, it is the wesakest possible
condition excluding quasi-equilibria with minimum-wealth situations.

Without a non-satiation condition a Walras equilibrium may not exist.
Whatever the price may be, some consumers might wish to consume a
commodity bundle within the interior of their budget set. An equilibrium can
then be established by allowing some consumers to spend more than the value
of their initial endowment. Such an equilibrium is called dividend equilibrium
or equilibrium with slack and its existence is proven under a strong survival
assumption (cf. DrReze and MULLER [1980], MAKAROV [1981], AUMANN and
DREzE [1986], MAs CoLELL [1992]). Existence of a “quasi-dividend equili-
brium” under a weak survival assumption follows from FLoriG [1998b]. Our
irreducibility condition entails that every quasi-dividend equilibrium is a divi-
dend equilibrium, thereby establishing rather weak conditions ensuring the
existence of a dividend equilibrium.

Moreover, the irreducibility condition might elucidate situations of non-
existence of the Walras equilibrium (or of a dividend equilibrium). Indeed,
apart finding the minimal conditions ensuring the existence of a competitive
(dividend) equilibrium, there remains the important question of what happens
in a competitive economy where no Walras (or dividend) equilibrium exists.
The quasi or compensated equilibrium, although interesting as a technical
tool, do not give a convincing solution. In fact, they need not even be indivi-
dualy rational. In order to give an economically meaningful solution for
situations where the Walras (dividend) equilibrium does not exist, GAy
[1978], DaniLov and Sotskov [1990], MARAKULIN [1990], MERTENS [1996],
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FLoRIG [1998a, 1998Db] introduce and study generalized equilibrium concepts.
In these papers, existence is shown under a weak survival assumption and
without a non-satiation assumption. Due to the fact that more complex
notions of prices are used than in the standard case, in these approaches, satia-
tion problems of the preferences are inevitable, even under a non-satiation
condition on the preferences. Under the proposed irreducibility condition, a
generalized equilibrium reduces to a dividend equilibrium, and if furthermore
non-satiation of the agents preferences holds, then it reduces to a Walras equi-
librium.

Finally, the different irreducibility concepts are often adapted to extensions
of the standard Arrow-Debreu model, as a continuum of traders, infinite
dimensional commodity spaces, overlapping generations models, incomplete
markets,... A list of such contributions includes HiLDENBRAND [1972],
BaLAsko, Cass and SHeLL [1980], WiLson [1981], Burke [1988],
GEANAKOPLOS and PoLEMARCHAKIS [1991], HAmMmoND [1993], CoLes and
HamMMOND [1994], GoTTaRDI and HENS [1996]. In such extensions, the present
irreducibility condition could also help to establish more general existence
results.

In section 2, we present the model, the irreducibility condition and our main
results. In section 3, we give a survey of the main irreducibility conditions.
The proofs are given in the appendix.

2 The Model and the Results

Let I, Jand L be finite sets of m consumers, n firms and ¢ commodities.
Every consumer i is characterized by his consumption set X; ¢ R, his

initial endowment wj € R and his strict preference correspondence
P [Tl Xi x[ljesYj = Xi. Eachfirm j is characterized by a production

set ) C Rf. We denote by Y = Zj <3 Yj the aggregate production set. For
al (i,j) el x J,therea 6 > 0 represents consumer i's sharein firm j and
foral j e J i bij =1

An economy & isacollection

&= ((Xi,R,miel,(Y))jed,Gij)ijel x3)-
We will denote the set of feasible consumption-production plans by
F=lxye[[Xix[[YN1D5=>_y+> ai
iel jed iel jed iel

An dlocation X € []i¢; X is feasible, if there exists y € []j<; Yj such

that (x,y) € F.

Given a s8¢ CCR! let coC be the convex hull of C, let
posC = {Ztv:l)wzv | z, € C, Ay > 0,t > 0} be the positive hull of C and
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let spanC = posC — posC be the vector subspace of R’ spanned by C. We
will use the shortcut spane for span(}_ic Xi — Xie) @i — 2jey Yj)-

Given (x,y) € [Tiey Xi x [jey Yy let ITx,y) ={i el | B(X,y) # 0},
let ZF(X,Y) = Yiei+ oy Ki =X = Xjes ij (Y = ¥i))-

Given a price p € R¢ and a revenue r € R, we define the budget set of
consumer i € by Bi(p,r) ={x € Xj | p-X% <r}.
We will use the following assumptions.

AssumpTioN A: For dl i el and dl (x,y) € F, if B(X,y) #+ @ then
Xj € coP; (x,y).

| Assumprion B: For al (x,y) € F, spanZ+(x,y) = posZ+(x,y).

AssumptioN C: For al i €| and for al (x,y) € F, if &§ € B(x,y) and
i € Xj then there exists A €]0,1] such that A& + (1 —1)g € K with

K = (pos(Pi (X,y) = Xi) +Xi) U (POS(P (X,y) — @i — X i3 6ijY)) + wi
+2eabhiyi)-

| Assumprion D: Forall i €1, 0 € co(Xj — wj — Y jeabijYp)-

AssumpTioN E: For al (x,y) € F with 1 T(x,y) # @,

span(Y =Y yp=span(d_ Y 6 = y)).

jed jedielt(x,y)

Assumption A excludes “thick” indifference surfaces, apart at satiation
points. It could be weakened, but then one would need to work with
augmented preference relations a la GALE and MAs-CoLELL [1975].

Assumption B is a global interiority condition. Loosely speaking, it states
that at any feasible allocation, the group of non-satiated agents are initially
endowed (or they can produce) any of the goods they may consume. It
ensures that if some quasi-equilibrium price is not orthogonal to
spanZ T (x,y), then at least one of the non-satiated consumers is not at a
minimum-wealth level. If all agents have insatiable preferences, then this
assumption is hardly restrictive. It then restricts the economy to the goods
which actually exist or which could be produced in the considered economy.
If it would not hold, we would need a market price, even for non existing and
non producible commodities and consumers could formulate a demand for
such goods.

Assumption C is fulfilled, for example, if the sets X; are convex and, if the
preference correspondences have relatively open images. It is aso implied by
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assumptions in models with indivisible commodities such as overriding desi-
rability of a divisible good (BrRoomE [1972], see also Mas-CoLELL [1977],
KHAN and YAMAZAKI [1981], HAMMOND [1993]).

Assumption D is a weak survival assumption. It avoids that agents may
have an empty budget set.

Assumption E means that if afirm can either produce or dispose of acertain
commodity, then at least one of the firmsin which the non-satiated consumers
have shares can either produce or dispose of this good. This assumption isin
particular implied by a free-disposal assumption — however, it is much
weaker. It holds trivially, if the considered economy is an exchange economy.

DerNiTioN 2.1: A quasi-dividend equilibrium of & is an element
(X,y,p,r) € F x Rt x RM such that

@foraliel, x €Bj(pri)andp-(wi +3c36ijY)) <ri;

(b)foral i el, B(x,y)NBj(p,ri) # @ implies r; = infp - Xj;

(c) fordl j € Jand for all yj/ €Yj, p-yj/< P Y.

This definition reduces to the definition of a quasi-equilibrium, if we
impose for adl i €l, ri=p- (v +Zj€J 6ijy;). If al consumers have
locally insatiable preferences, then every quasi-dividend equilibrium is a
guasi-equilibrium.

DeriNniTION 2.2: A dividend equilibrium of £ is an element (X,y,p,r) € F
xR¢ x R™such that
@ foraliel, x €Bj(pri)and p- (v +Zjej 6ijyj) <ri;

(b)fordl i el, B(x,y)NBi(p,ri) =0;

(c)forall j € Jandforal y/ € Y, p-y/ < Pp-Yj.

This definition reduces to the definition of a Walras equilibrium, if we
imposeforal i €l, rj = p- (v +ZjeJ 6jy;). Note that, if all consumers
have locally insatiable preferences, then every dividend equilibrium is a
Walras equilibrium.

It is easy to see that every dividend equilibrium is a quasi-dividend equili-
brium. A quasi-dividend equilibrium (x,y, p,r) is a dividend equilibrium, if
the following condition holds:

infp-Xi <max{p-X,p- (w +Z@ijyj)},Vi e 1T x,y).
jed
This condition is usually ensured by an assumption of the type: for al j in
J,0eYjandforal iinl, wjisin theinterior of Xj. Especialy, the latter

one, being a quite strong assumption, there exist various notions of irreducibi-
lity of an economy, ensuring existence of a Walras equilibrium under less
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strong assumptions. As far as we know an adaptation to economies with
possible satiation has not yet been proposed in literature.

DerINITION 2.3: An economy £ isirreducible at
X, ¥) € [liel Xi x ]_[jEJ Yj, if for every non-trivial partition (lg,l2) of

| T(x,y) there exists X' € [Tic) coXi and a system of 2m numbers
A >0 i=1,...m, ui >0,i =1,...,msuch that

(D) i elT(x,y)ifandonlyif Aj + uj > 0;
(2) X{ € coPi(x,y), Vi € Iy and 3i € Iy, X/ € coP(X,y);

(3) et Mi O =i =35t Vi) + i er i (X — Xi) €co(Y =3 i3 V).

Note that in this condition, only directions matter and not magnitudes. It is
easier to grasp the economic meaning of this condition in the case where all
sets are convex. Moreover, assume in afirst step that the considered economy
is an exchange economy (i.e. Y =0, or Y = —Rﬁ in the case of free
disposal). There are two aspects to the condition. If we impose A;j = O for all
i € 1, then condition (3) asserts that a ponderated average of the prescribed
change in the consumption plans is feasible. If we impose uj = 0 for all
i € 1, then this definition reduces to BERGSTROM's [1976] irreducibility crite-
rion. It then asserts that it is possible to find a change in the individual excess
demands which is preferred by some agents and such that a ponderated
average of these new excess demands is feasible, i.e. is equal to zero. The
whole irreducibility criterion is a mixture of both aspects. When production is
involved, then the considered ponderated changes give a feasible direction of
change in the aggregate production plan. In the non-convex case one may
think of some appropriate lotteries choosing the changes in consumption and
production and which yield ponderated directions of change which are
feasible in expectation.

Levma 2.1: () Let pe R’ such that Projgae(p) =0 and let
X,y €[lie Xi x ]_[jGJ Yj. Then, projspanzﬂx’y)(p) =0.

(i) If (x,y)eF and Pi(x,y)# @ for al iel, then spanZt(x,y)
= gpan &.

Note that, if (x,y,p) € F x R such that projgyanz+(x.y)(P) = 0 then for
al i el™(x,y), Bi(p,p-x) = Xj. At a dividend equilibrium (and at a
Walras equilibrium) p-x <rj. Thus, if 1T(x,y) # @, this situation cannot
be a dividend or a Walras equilibrium. If 11(x,y) = ¢, then there are no
scarce commodities in the economy, 0 is a Walras equilibrium price.

So we will be interested in quasi-(dividend) equilibria such that
Projspanz+(x,y) (P) # 0. By Lemma 2.1. (i), this is slightly more demanding

than  projgyans(P) # 0. It would not be very restrictive to impose
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spanZ*(x,y) = spang. This means that the consumers in 1+ (x,y) could
consume, produce or dispose of the same commodities as | (athough they
may have not enough resources to actually do so). It is for example implied
by the free disposal assumption.

Here, we are not concerned with the existence of a quasi-dividend equili-
brium. Genera theorems for the existence of quasi-equilibria can be found,
for example, in DeBreu [1962], ARROW-HAHN [1971] and FLORENZANO
[1981]. Existence of a quasi-dividend equilibrium follows from FLORIG
[1998b]. We concentrate on the transition from the quasi-dividend equili-
brium to the dividend equilibrium.

ProPosiTiION 2.1: Let £ be an economy such that Assumptions A and
B hold, and let (x,y,p,r) be a quasi-dividend equilibrium with
Projgpanz+(x,y)(P) # 0. If & is irreducible a (x,y), then for all
i e IT(x,y), infp- Xj < rj and therefore (x,y,p,r) is a dividend equili-
brium.

As a corollary we may deduce that under the assumptions of Proposition
2.1, every quasi-equilibrium is a Walras equilibrium.

ProrPosITION 2.2: Let £ be an economy satisfying Assumptions C and D, let
(X,y) € F. If € isnot irreducible at (x,y), then there exists p € R and
r e RM such that (x,y,p,r) is a quasi-dividend equilibrium with
Projspans (P) # 0and {i e I | p-x =ri =infp- X} N17(x,y) # 4.

If moreover, Assumption E holds, then projgyanz+(x,y)(P) # O-

Thus, irreducibility is also necessary in order to exclude the existence of
quasi-dividend equilibria with minimum-wealth situations. If al consumers
have locally insatiable preferences, then a quasi-dividend equilibrium is a
quasi-equilibrium. Therefore, the present irreducibility condition is also
necessary in order to exclude the existence of quasi-equilibriawith minimum-
wedlth situations.

CoRroLLARY 2.1: Let £ be an economy such that Assumptions A - E hold.
Then, every, quasi-dividend equilibrium with projgyane (p) # 0 is a divi-
dend equilibrium if and only if £ isirreducible at every (Xx,y) € F.

Hence, the proposed irreducibility condition is necessary and sufficient for
the standard arguments alowing for the transition from the quasi-dividend
equilibrium (resp. quasi-equilibrium) to the dividend (resp. Walras) equili-
brium.

Note that neither the assumptions used, nor the proposed irreducibility
condition imply that consumption or production sets are convex, not even that
all commodities are perfectly divisible. Therefore, the present approach could
also be used in the presence of indivisible commodities.
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3 Links with other Irreducibility
Conditions

In this section, we discuss briefly the main irreducibility conditions which
serve to exclude minimum-wealth situations. We will not discuss GALE'S
[1976] irreducibility condition. Considering linear utility functions, he
follows a different approach in order to prove the existence of a Walras equi-
librium, relying on an induction argument which uses extensively the linear
structure of his model. The following irreducibility conditions have al in
common that they are sufficient in order to establish that minimum-wealth
situations do not occur at a quasi-equilibrium. We will see that they are al
special cases of the irreducibility condition presented in section 2.

We denote by {el,... ef} thecanonical basis of Rf. We posit the following
assumption throughout this section. It is stated for simplicity and it could be
weakened at the cost of more complex notations.

AssumpTioN F: For al (x,y) € F, I T(x,y) = I;fordl i € |, P isconvex
valued, X isconvex; pos€ = R Y — RL C Y; and Y is convex.

The first condition is the strong survival assumption. It is a generalization
of a condition in Theorem 1 in ARRow-DeEBREU [1954]. It is nowadays the
standard condition in order to exclude minimum-wealth levels. It is easy to
check that it is sufficient in order to exclude quasi-equilibria with non-zero
prices and minimum-wealth levels.

DeriniTioN 3.1: An economy £ satisfies the strong survival condition, if for
al i €l, pos(Xj — wj _ZjeJeinj) = RC.

The next condition is a generaization of the irreducibility condition in
Theorem 2 in ARrRow-DeBREU [1954)]. It replaces the interiority condition by
a stronger condition on the preferences.

DeriNiTION 3.2: An economy & satisfies the desirability condition, if

D={heLV(Xy) e FVYielde>0x +ee e P(x,y)) # 0

and if for adl i € |, there exists h € D U P such that
—e" € pos(X — wi — Y36 Y))

with

P={helLlV(Xy e F,3zeY,zy>yyVh el \ {h},3n" €D,z > yp}.

The set D are the commodities which are always desired by everybody. The
set P are the commodities which have aways a strictly positive marginal
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productivity in order to produce commoditiesin D. The desirability condition
asserts that every consumer isinitially endowed with some commaodity which
is either desired by everybody or which has a strictly positive marginal
productivity in order to produce commodities which are always desired by
everybody.

DeriniTioN 3.3: An economy £ is Bergstrom irreducible at (x,y) € [[i¢; Xi
x [T, Y, if for every partition of | into two non-empty subsets (I1,12),

there exists X" € []j¢; Xi and a system of m numbers A; > 0,i =1,....m,
such that

(1) x e R(x,y),Vielpand i €y, X € B(X,y);
D Xie M —oi = Xjegbij¥) € Y = Xjea V)

Irreducibility reduces to Bergstrom irreducibility by imposing uj = O for
aliel.

DeriniTiON  3.4: An economy £ is McKenzie-Debreu irreducible at
X,y €[lie Xi x ]_[jGJ Y;j, if for every partition of I into two non-empty

subsets (I1,12), there exists X’ € [ ] Xi, such that
(D) x e R(x,y),Vielpand i €11, X € B(X,y);
(2 Yie (O —@i) =i, (@i — %) €.

In other terms, it is possible to distribute @ + 37 ¢, (@i — X)) + Yy, y €Y
amongst the consumers, making group |1 better off according to (1).

DerFiniTioN  3.5: An economy & is Arrow-Hahn irreducible at
X,y € [lie Xi x ]_[jEJ Yj, if for every partition of | into two non-empty
subsets (11, 1), there exists an alocation X € [i.; Xi, »' € R® such that
(1) X/ € P(x,y), Vi € l'and 3i1 € 11, X/, € R(X.y);

(2 Yiei X e{o}+Y and Vk e L with o’ > o there exists 21X > 0
suchthat Yy, @i — AKe € 3, Xi + R

An economy & is Arrow-Hahn irreducible, if for any feasible allocation x
and any proper, non-empty subset of consumers |4, there exists an alocation

x’, making everybody better off and some i1 € 17 strictly better off.
Moreover, X" would be feasible if the total initial endowment were o’ and if
for every good k such that «’ increases the total initial endowment of this
good, the group |2 could consume less than their initial endowment in k.
Without the assumption that for every j € J, 0 €], neither McKenzie-
Debreu, nor Arrow-Hahn irreducibility imply that a quasi-equilibrium is a
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Walras equilibrium (cf. FLorIG [1997]). Thus, McKenzie-Debreu and Arrow-
Hahn irreducibility are only applicable when O € j for every | € J.

The next irreducibility condition is due to HammonD [1993].

DeriniTION 3.6: An exchange economy & is Hammond irreducible at
X € [[je Xi, if for every non-trivial partition (I1,12) of | there exists

X" € [1je; Xi and asystem of m numbers 2; € [0,1], i = 1,...,m, such that
(D) x e B(X),Vieliand 3i €1y, X € B(x);

(2 Yier MO =)+ 2 =24 = Xi) + D¢, (X —wi) =0.

The difference with our irreducibility condition is the additional term
> iel,(Xi — i) in Hammond's irreducibility condition. Without any condi-
tion on the considered exchange economy neither seems to imply the other.
However, under Assumptions A - F (and J = ) Hammond irreducibility at
every feasible point is equivalent to the non-existence of a quasi-equilibrium
with minimum-wealth levels just as our irreducibility condition. In order to
understand why both conditions work equally well one has to remind how
one usualy proves that at a quasi-equilibrium no consumer is at minimal-
wealth. The irreducibility conditions are applied to a quasi-equilibrium. The
set of consumers at minimal-wealth is supposed to be 5. Assuming that |- is
non-empty one proceeds by contraposition. One computes the scalar product
between quasi-equilibrium price and the left hand side of 3.6. (2) (resp. 2.3.
(3)). The scalar product between quasi equilibrium priceand ) ; cl,(Xi — wi)
will be equal to zero and therefore this term plays no role whatsoever in esta
blishing a contradiction.

PropPosiTION 3.1: Let £ be an economy such that Assumptions C-F hold and
suppose one of the following:

(i) the strong survival condition holds;

(i) the desirability condition holds;

(iii) at every (x,y) € F, & isBergstrom irreducible;

(iv) J =0 and at every (X,y) € F, £ isHammond irreducible

(v) forevery j € J, 0 € Yj and at every (X,y) € F, £ is either McKenzie-
Debreu or Arrow-Hahn irreducible.

Then, the economy isirreducible a every (x,y) € F.

Proor of ProrosiTION 3.1: Suppose the economy is not irreducible at some
(X,y) € F. Then there exists a quasi-dividend equilibrium (x,y, p,r) with
p # 0 and such that the set 1> of consumers at minimum-wealth level is
non-empty. By Assumption F thisis also a quasi-equilibrium.
(i) The strong survival assumption implies the existence of

G €lier Xi x[jea ]

such that for al i €I, p- (§ — wj —ZjeJ 6ijvj) < 0. By profit maximi-
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zation p- (5 —wi — X g bijy) < P-Gi —wi —Xjeabijyj) <O.
Since (x,Y, p) isaquasi-equilibrium, foral i € 1,

p-(Xi —oi — X eybhjyj)) =0.
Thus 1, = ¢ yielding a contradiction.

(ii) By Assumption F, there is at least one consumer with a non-minimal
income. This implies that all commodities in D have a strictly positive
price. This implies that all commodities in P have a strictly positive price.
Then desirability implies that al consumers have non-minimal wealth yiel-
ding a contradiction.

(iii) - (v) These conditions exclude the existence of quasi-equilibria with
minimum-wealth levels and a non-zero price (cf. McKenzie [1959, 1961],
ARrROW and HAHN [1971], BercstROM [1976], FLORENzANO [1981],
HamMonD [1993]). This yields a contradiction.

From FLORENZANO [1981, 1982], we know that Bergstrom irreducibility is,
in the case of an exchange economy, implied by McKenzie-Debreu or Arrow-
Hahn irreducibility. Moreover, from GEISTDOERFER-FLORENZANO [1982], a
Bergstrom irreducible economy need not be, neither McKenzie-Debreu nor
Arrow-Hahn irreducible. In the production case, following FLORENZANO'S
[1981] arguments closely, one may prove that Bergstrom irreducibility is
implied by McKenzie-Debreu or Arrow-Hahn irreducibility (FLoriG [1997]).

ProposiTION 3.2: Let £ such that Assumption F holds, for al j € J, 0€Y;
and Y is convex. Suppose € is either McKenzie-Debreu or Arrow-Hahn
irreducibleat (x,y) € [[je Xi x []jey Y], thenitisalso Bergstrom irredu-
cibleat (x,y) and henceitisalsoirreducible at (x,y). [ |
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APPENDIX

Proor of LEMMA 2.1. (i) If projgans(p) =0, thenfordli €I, for all
§eX, p-¢—-%x)=0 ad for al jeJ, for al vjeY;
p-(vj —Yj)=0. Thus, for al ze Zt(x,y), p-z=0 and therefore
Projspanz+(x,y) (P) = 0.
(i) If (x,y) e Fand P (x,y) # @ foradl i € I, then
Yiel Xi =Y =i oi =2t Xi =Y = Xjer Xi
+25ea Vi Clier (Xi =X) = 2jeg Xier Gij (Y — ¥
=it Xi =X = Xjea i (Yj —yp) = ZT(x.y)

and moreover, ZT(x,y) C co(}Yjc; Xi =Y — Y ic; @i). Thus,

spanZt(x,y) = span(} i) Xi =Y — Dic) wi). [ |
ProoF of ProPosITION 2.1. Let (I1,12,) be apartition of 1+ (x,y) such that

li={i el T(x,y) |infp- Xj <rj}. Let lo=1T(x,y)\ I1. It will be
sufficient to prove that 11 = | T(x,y).

Suppose first that 17 = . Hence,

inf Zielﬂx,y) P X :Zieﬁ(x,y) P-X 2X:ieH(x,y) P (i +Zje.] Gijyj)
= SUpZieH(x,y) p- (0 + ZjeJ 6ijYj).
Thus, posZt(x,y) c {ze RE|0< p-z} and
—posZt(x,y) c{ze R¢ | 0> p-z}.

By Assumption B, posZT(X,y) = —posZT(x,y) = spanZT(x,y) and thus
spanZt(x,y) C {z€ R* | 0= p- 2} and projgyanz+(x.y) P = 0, a contradic-
tion. Therefore 11 # 0.

We will now prove that 1o = @. If (I1,12) were a non-trivial partition of
I 7(x,y), then, since £ is irreducible at (x,y), there exists x’ e [T coXi
and 2mred numbers Aj > 0,i =1,...m, uj >0, i = 1,...,m, satisfying the
relations (1) - (3) of Definition 2.2 with respect to (x,y) and (l1,12). By
Assumption A, for every i € |1 such that x| € coR (x,y), p-x —rj >0
andfor i e I suchthat x/ € coP (x,y), p- X' —rj > 0. Hence,

P- (YA —wi =Y 6j¥p+ ) i —x)) >0.
iely jed iely
Aspe NY(ZJ-EJ yj)— the normal cone of Y at Z]-EJ yj €Y,
P- O M =i+ 6y + Y i —x)) <0,
i€l jed iel
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Thus,
PO MO — @i+ 6y + > i —x)) <O.
i€l jed i€l
Consequently, there exists i € |2 such that either
P-O§ —@i + ey 6jYj) <O
or p- (x{—xi) < 0. This is not possible by the definition of (I4,12).
Therefore, 11 = 1 7(x,y). ]

Proor of ProrPosiTION 2.2. The economy is not irreducible at (x,y). Thus,
there exists a non-trivial partition (I11,12) of | T(x,y), such that for every
i €lq, for every 2m numbers 2 >0,i =1,....m, uj >0,i =1,....m,
satisfying condition (1) of Definition 2.3, for every x’ € [[j¢; coX; with
x| € coP (x,y) for i e 11 we have

D oh =i =YY+ D i —xi) ¢ colY =Y yp).

iel jed iel jed

Therefore, 0 ¢ Cwith C =

D i+ ui)COR OGY) + Y (hi 4 wi)CoXi — Y Ai(wi + Y 6ijy))

iely el iel jed
—ZMiXi —co(Y — ZYj)-
iel jed

The set C isconvex. Thus, there exists a vector p € spanC \ {0} separating
Oand C suchthatforal ce C,0< p-candforsomeceC,0< p-c.

Then, for al i ely, (Xj—x%)cC and (Xj — wj _ZjeJeijyj) cC.
Thisimpliesthat foral i € o, p-X = p - (wj —ZjeJ 6ijy;) =inf p- X;.

Note that —co(Y —> jc;y)) €C. Thus for al Yy €[]y
p- ZjEJ yj’ <p- ZjeJ yj and therefore all firms are maximizing profit.

For al iel, let ri = max{p- (wj +Zj639inj),p~Xi}- We will now
prove that for al i ely with infp-Xj <rj, P,y NBj(pri)=4a.
Suppose this is not the case for some i € |1 with infp- X; < rj, then there
exists & € P(X,y)NBj(p,rj). We must have p-( —x)>0 and
p- & — w —Zjejeijyj) > 0. Hence, p-& =rj. By a similar argument
we have for every z € K, where K isasdefined in AssumptionC, p - zj > rj.
Let ¢j € Xj suchthat p- ¢ <rj. Thus, ¢ € X; \ K. Now by Assumption C,
there exist 75 €]0,1] such tha »n& + (1 —n)g € K. Hence,
p- (& + (L—n)¢g) >rj, contradicting p - ¢ < rj together with p- & =r;.

It remains to prove that projgane(P) # 0. One easily checks that since
there exists ¢ € C such that O < p - ¢, one of the following three must hold:
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(a) there exists j € J,vj € Yj suchthat p- (yj —vj) > 0;

(b) there exists i € 1 7(x,y),& € Xj suchthat p- (§ — %) > 0;

(c) thereexists i € I T(X,y),& € Xj such that

P-Gi —wi —Xjeabijyj) > 0.

If (@) holds, then projspan(zjdm_yj))(p) # 0 and projgyens(P) # O. If
moreover, Assumption E holds, then (a) implies that there exists
vy €[ljeaYj, such that p- ici+xy) 2jestij(y —¥j) # 0. Hence,
Projgpanz+(x,y) (P) # 0. If (b) holds then projgyanz+(x,y)(P) # O, implying
by Lemma 2.1. (i) that projgyans(p) # 0. By Assumption D and the fact that
firms maximize profit at y, for every i € 1 T(x,y), there exists ¢ € X, such
that p- (g — wj — ZjGJ 6ij¥j) <0. Thus, if (c) holds, then there exists
ielT(x,y) and &, €Xj such that p-(&§ —¢) >0. So either
p-Gi —X)#0 o p-(& —x) # 0. Therefore, Projgpanz+(x,y)(P) # O,
implying by Lemma 2.1. (i) that projgyans (p) # 0. |
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