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ABSTRACT. – The aim of this paper is to show that it would be easier, for firms, to substitute capital for low skilled
labor than to substitute capital for high skilled labor. To test this conjecture, we use panel data spanned from 1980 to
1987 on nearly 800 French manufacturing firms. We first propose a semi-reduced form obtained conditionally to a specific price setting rule as, at the micro level, the selling price is not observed. We next argue for estimating a system
of two equations as the production function alone is not the best way to reveal the elasticity of substitution in production. Our system can be interpreted as the following recursive firms' behavior. On the one hand, firms choose the optimal capital per worker level; on the other hand, the optimal production and price levels. We also can capture the between-firms heterogeneity by means of individualizing a deep production function parameter. Finally, we propose to
trace heterogeneity in elasticity of substitution by considering the presence of two groups of firms. The first group
includes the low elasticity of substitution firms; the second group includes the high elasticity of substitution firms. We
develop a switching regression model to carry out firms classification, by endogenous selection. Eventually, we find
that the average skills of the work force is a factor which contributes to accounting for the probability that a firm
belongs in either one group or another. This paper then gives a (soft) evidence to support the French current policy
to subsidize the “low wages jobs”.

Hétérogénéité de la substitution capital-travail et régression à changement de régime endogène
RÉSUMÉ. – Le but de ce travail est de montrer qu'il serait plus facile, pour les entreprises, de remplacer du travail peu qualifié par du capital que de remplacer du travail qualifié par du capital. Pour tester cette conjecture, nous
avons recours à des données de panel de près de 800 entreprises industrielles françaises suivies de 1980 à 1987.
Tout d'abord, nous développons une forme semi-réduite obtenue conditionnellement à une règle particulière de fixation des prix de vente pour pallier le fait que ces prix ne sont pas, au niveau micro-économique, observés. Ensuite,
nous plaidons pour estimer un système de deux équations pour évaluer plus précisément l'élasticité de substitution
capital-travail. Ce système retrace le comportement récursif suivant des entreprises. En premier lieu, elles choisissent
le niveau optimal du capital par tête ; en second lieu, elles fixent les niveaux du produit et du prix de vente.
L'hétérogénéité inter-entreprise est spécifiée sous deux formes : d'un côté, par l'individualisation d'un paramètre
structurel de la fonction de production ; de l'autre côté, en supposant la présence de deux groupes d'entreprises. Le
premier groupe est constitué des entreprises à faible élasticité de substitution ; le second à forte élasticité de substitution. La ventilation des entreprises est basée sur un modèle de « switching regression », avec une règle endogène
de sélection. Nous trouvons, finalement, que le degré moyen de qualification de la main-d'œuvre est un facteur qui
explique la probabilité pour une entreprise d'appartenir à l'un ou à l'autre des deux groupes. Ces résultats contribuent
ainsi à justifier la politique d'allégement de charges sur les bas salaires conduite en France depuis 1993.
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1 Introduction
Unemployment, in Europe, first affects the least skilled workers. Although
this fact could be only a “stylized fact” which can be challenged, 1 we believe
that a better explanation of the causes of unemployment could be obtained by
distinguishing the various skills of the labor force.
The aim of this paper is to show that it would be easier, for firms, to substitute capital for low skilled labor than to substitute capital for high skilled
labor. 2 Current unemployment would then be “classical unemployment”
related to a labor cost too high for the least skilled workers. This view
supports the macroeconomics policy recommendation to subsidize this jobs
through a reduction of the employer's social contribution on low wages (along
others, Commissariat général du Plan [1993], DRÈZE and MALINVAUD [1994],
Commissariat général du Plan [1994] or Conseil supérieur de l'emploi, des
revenus et des coûts [1996]).
To test this conjecture, we use panel data spanned from 1980 to 1987 on
nearly 800 manufacturing firms. We should obtain more accurate results with
such data than with macroeconomic data. However, the panel does not always
incorporate very substantial information as the data come from firms' records.
Skill structures are not available and we use wages per employee as proxy for
the average skills of the labor force. Nevertheless, the distinction, at the micro
level, between quantity and price is not available. The standard way to avoid
this difficulty is to use sectorial deflators. But this is not very satisfactory as
the latter do not include useful information. Finally, panel data econometrics
emphasize the potential bias entailed by not specifying the between-firms
heterogeneity. In the copious literature devoted to labor demand, it is stressed
the biased results obtained when the various categories of workers are aggregated as long as specific elasticities to each component of labor exists (along
others, BRESSON, KRAMARZ and SEVESTRE [1992], HAMERMERSH [1993] or
DORMONT [1996]).
Then, we first develop, in section 2, a model with imperfect competition to
reckon how the value added price is set. Thus we can use only observed data
in the estimates but our results depend on our price setting hypothesis. The
model is useful to detect the sources of between-firms heterogeneity that we
can incorporate in a “deep structural” manner. We address heterogeneities in
two ways. On one hand, we consider a firm-specific effect on a parameter of
the production function. On the other hand, we postulate the presence of two
groups of firms, the first characterized by a low elasticity of capital-labor
substitution; the second by a high elasticity. We shall exploit a switching
regression model to classify, by endogenous selection, each firm of the
sample. We then explore a particular route for “freeing up” the elasticity of

1. Because, for example, this situation comes from spillover effects where the high skilled workers
supersede low skilled workers or because firms, in order to hoard labor, prefer to first fire the least
skilled employees (who not have specific human capital).
2. Our investigations are then complementary to SNEESSENS works (for example, MAILLARD and
SNEESSENS [1993] and SNEESSENS [1994]) on biased technical progress.
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substitution as an alternative to most usual ways (for example, a random coefficient model à la Swamy).
Section 3 reports the results. Heterogeneities are strong because the elasticity of substitution in the first group is about .6 when it is about .9 in the
second group. So, the paper proposes a methodology for estimating some
structural parameters with incomplete administrative data. We do not try to
parametrize the elasticity of capital-labor substitution as a function of some
firm-specific variables. We prefer use a 2-step procedure to eventually relate
the probability of being in each regime to firm-specific variables. We find that
the average skills of the labor force (approximated by the wages per
employee) is a significant factor: a firm is more likely to be in the low elasticity group when the skills of its labor force are high.

2 The Theoretical and the Estimated
Models

In a first stage, we quickly set the theoretical model. This model is very
general. In a second stage, we then explain how the latter can be improved in
order to trace a first source of between-firms heterogeneity. Finally, we
present the estimated model, a switching regression model which entails us to
trace a second source of heterogeneity about elasticity of capital-labor substitution.

2.1. A Simple Model of Imperfect Competition
In this first subsection, we expose a simple model of imperfect competition.
The model is especially useful to identify the evolution of the firm's profits.
We can elude, in this way, the fact that prices, at the micro level, are not
observable.
Let us start by a production function with constant elasticity of substitution
(noted σ)
(1)

Q = A(δ K (σ −1)/σ + (1−δ)L (σ −1)/σ )vσ/(σ −1)

where Q is the level of production (in fact the value added); K and L, the
factors of production stocks (resp. capital and labor); A, a dimensional term
(also the total factor productivity); δ and 1−δ, terms which measure in first
approximation the relative contribution of capital and labor to the production;
and v, the returns to scale parameter.
Let us denote by C the user cost of capital and by W the total wages per
employee and let us suppose that the firm is “price taker” (as competition is
perfect on the factors of production markets or as those costs are predeterCAPITAL-LABOR SUBSTITUTION HETEROGENEITY
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mined by negotiations). Then the cost function, for the firm, can be deduced
for the following program
min C K + W L

K and L

subject to the production function constraint. The cost function is then
 1/v
Q
(δ σ C 1−σ + (1−δ)σ W 1−σ )1/(1−σ )
C(Q) =
A
The duality theory can help to interpret this formula. The latter is an inverse
CES specification: when σ goes to 0 (i.e. the factors of production are
complementary – the CES operator goes to the min operator), the cost function is directly the addition of the factors costs.
This program also leads to the following capital per worker ratio:

  
K
δ σ C −σ
=
(2)
L
1−δ
W
We see that the elasticity of this ratio with respect to the relative cost of the
factors of production is equal to σ according to the CES specification of the
production function.
It is not very interesting to exactly specify the imperfect competition environment of the firm. Let us suppose that the equilibrium leads to the
following price setting rule
(3)

P = µ C 0 (Q)

where P is the selling price, µ a parameter like a mark-up rate, and C 0 (Q) the
marginal cost of production. This rule could be justified in different ways. It
is first possible to invoke competition à la COURNOT; alternatively competition à la BERTRAND. In both cases, the marginal cost of production is still a
reference as the selling price is a mark-up on this marginal cost (see BENASSY
[1989] for recent development on this subject).
To eliminate Q (the value added by quantity which is not observed) from
the former expression, it is possible, using in the one hand the production
function (1) and in the other hand the price rule (3), to get the quasi-reduced
form
µ
Y = (δ K (σ −1)/σ + (1−δ)L (σ −1)/σ )σ/(σ −1)
(4)
v
(δ σ C 1−σ + (1−δ)σ W 1−σ )1/(1−σ )
where Y is the value added in nominal terms — Y = P Q. This formula can
be interpreted as a production function in nominal terms where the levels of
the factors of production stocks and the levels of the factors of production
costs are related to the value added in nominal terms.
The A term, the total factor productivity, vanishes from the latter expression
because it is entirely passed on to the selling price. There are two alternatives
when one tries to estimate at the micro level production functions. One may
use sectorial deflators and implicitly suppose that all firms, in the industry,
have increase their price in the same proportion. Conversely, one may not
want to use such deflators and suppose that the productivity gains are passed
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on to price. We prefer to use the second route: it seems to us to be closer to
industrial realities.
It is now necessary to put emphasis on the effective specification used for
our panel data.

2.2. The First Source of Individual Heterogeneity
The exposed model needs to be amended as it is fitted to panel data. The
production function in nominal terms we try to fit is as follows (in logarithm
to avoid heteroskedasticity)
µ
σ
(σ −1)/σ
(σ −1)/σ
log Yit = log +
+ (1−δ)L i t
)
log(δ K i t
(5)
v
σ −1
1
+
+ (1−δ)σ Wi1−σ
)
log(δ σ Ci1−σ
t
t
1−σ
The subscripts i = 1,. . . ,N and t = 1,. . . ,T denote the double data dimension. The first is about firm (N is the number of overall firms); the second,
year (T is the number of overall years).
It is necessary to be specific about between-firms heterogeneity. The standard way is to put in the model an individual fixed effect (indeed a stochastic
effect). By introducing dummy specific firm variables in the regression, the
average differences between firms are suppressed.
However, this specification is ad hoc; the individual effect would correspond to individualizing the µ coefficient (the mark-up rate) or the v
coefficient (the returns to scale parameter). It is hard to believe that the main
source of between-firm diversity comes from those two coefficients. We
believe that it is more natural to first look at total factor productivity (the A
parameter). Some firms are more efficient, in a permanent way, than others
for a lot of reasons that we do not need to enumerate. But our model tells us
that high productivity is passed on to low prices: the more efficient firms by
this way can increase their economic activity. It is then not justified to put an
individual fixed effect in the regression.
We can, moreover, capture other important specific effects. First, it seems
necessary to explain the capital-intensitivity of the occupation. Some industries
are more capital-intensive than others. Individualizing the δ coefficient is the
formal way to capture such heterogeneity. This specification allows us not to
put an excessive emphasis on the relative cost of the factors of production in
explaining the capital per worker ratio. This ratio is now specified as follows
σ 


K it
Ci t −σ
δi
=
L it
1−δi
Wi t
On the one hand, the δi /(1−δi ) term captures the specific of the capitalintensive level of the occupation. On the other hand, the relative cost of the
factors of production captures the substitution between factors of production
from the cost minimization.
Eventually, it is better to exploit all the hypotheses used. The elasticity of
substitution (our parameter of interest) is not well revealed by the production
function. It is for the capital per worker ratio that this parameter is much more
CAPITAL-LABOR SUBSTITUTION HETEROGENEITY
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meaningful as equation (2) tell us

  
δ σ C −σ
K
=
L
1−δ
W
It seems then hard not to exploit this information. We propose then to estimate the following system
(6)

(7)

δi
Ci t
K it
= σ log
− σ log
+ g1 t + u 1 i t
L it
1−δi
Wi t


µ
σ
(σ −1)/σ
(σ −1)/σ
log Yit = log +
+ (1−δi )L i t
+
log δi K i t
v
σ −1

log

1
) + g2 t + u 2 i t
log(δiσ Cit1−σ + (1−δi )σ Wi1−σ
t
1−σ

To simplify things, we do not identify two technical progress terms (the first
which augments the capital, the second which augments the labor). We only
put in the regression temporal dummies (see
2 t terms) with, for
P the g1 t and gP
purpose of identification, the constrains t g1 t = 0 and t g2 t = 0. Those
dummies also capture short term shocks (if they have the same impact on all
firms). Finally, u 1 it and u 2 i t are the two error terms for each equation. On
first order, the system includes N + 2(T −1) + 2 parameters to estimate; the
δi (by quantity N), the g1 t and g2 t (by quantity 2(T −1) only because the two
constraints), the log(µ/v) term, and the elasticity of substitution σ.
This system of equations would depict a recursive firm's behavior as following. In a first stage, the firm chooses the optimal capital per worker ratio
(first equation). In a second stage, it chooses the product level and the sell
price level (second equation) (see, in a different context, HÉNIN and POUCHAIN
[1980] for a much more elaborated justification). This framework lets us
retain the absence of instantaneous correlation between u 1 and u 2. This hypothesis, only acceptable in a first approximation, is retained as the estimator
takes a simpler form (note also, if there is instantaneous correlation, the estimator is still unbiased).

2.3. The Second Source of Individual Heterogeneity
We now shall address heterogeneity related to the elasticity of capital-labor
substitution. We capture such heterogeneity in the following way. We suppose
that our firms' population is a mix of two sub-populations. The first group
would be the low elasticity of substitution group; the second the high elasticity group. We consequently need a specific estimation method. On the one
hand, we can use a model with exogenous selection (the population is separated into two groups on the grounds of an exogenous variable) or a model
with endogenous selection (the estimation method must, in addition, classify
each firm). We opt for the second solution as we do not need to introduce a
priori information about the way the firms fall into one or another group.
With panel data, we can retain, to ensure identification, that each firm stays in
the same group all along the period.
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In appendix B, the model used is explained in detail. It is a switching
regression model which distinguishes, for each observation, two alternative
explanations. Moreover, an auxiliary equation models the group classification. On cross section, the model is as follows (where, for sake of simplicity,
we retain only one explanatory variable for each equation)
(8)

 a a
a xi + u ia if bz i + vi < 0
yi =
a b xib + u ib if bz i + vi > 0

i = 1,. . . ,N .

The superscripts a and b are related to each regime. Thus the model
includes one dependent variable (the N ×1 vector y), three explanatory
variables (the N ×1 vectors x a, x b, and z), three unknown coefficients to estimate ( a a and a b which are the regression coefficient in each regime, and b
which is the regression coefficient of the auxiliary equation), and three error
terms (the N ×1 vectors u a, u b, and v). On panel data, the model is now, with
the subscripts i and t
 a a
a
a xit + u it
(9) yit =
b
a b xitb + u it

if bz i t + vi t < 0
if bz i t + vi t > 0

i = 1,. . . ,N ;

t = 1,. . . ,T.

We assume that each firm is always in the same regime. The auxiliary equation reads therefore as follows
bi + vi t

(10)

As a result, we introduced a firm-specific fixed effect in the auxiliary equation. This effect captures all the causes which can explain that the firm i is in
the first or in the second group. To be more precise, the estimated model is of
the following form:
if bi + vit < 0

δa
K it
Ci t


log
= σ a log i a − σ a log
+ g1a t + u a1 i t


L
1−δ
W

it
i
t
i



µa
σa
(σ a −1)/σ a
(σ a −1)/σ a
log Yit = log a + a log δia K i t
+ (1−δia )L i t
+


v
σ
−1





1

a σ a C 1−σ a + (1−δ a )σ a W 1−σ a + g a + u a
log
δ
i
i
i
t
i
t
2t
2 it
1−σ a
(11)

if bi + vit > 0


δib
K it
Ci t

b log

log
=
σ
− σ b log
+ g1b t + u b1 i t

b

L
W

1−δ
it
i
t

i



µb
σb
(σ b −1)/σ b
(σ b −1)/σ b
log Yit = log b + b log δib K i t
+ (1−δib )L i t
+


v


σ −1


b
b
b
1
b

σ

+ g2b t + u b2 i t
log δib Ci1−σ
+ (1−δib )σ Wi1−σ
t
t
b
1−σ
CAPITAL-LABOR SUBSTITUTION HETEROGENEITY
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Each system of two equations to estimate is a little complicated. It is not
j
linear with respect to σ j and to the δi , j = a,b. Likewise, the two equations
j
j
j
are interrelated by σ and the δi . However, when σ j and the δi are given, the
system is much simpler: it can be estimated by a standard method, equation
after equation. In fact, the system is linear with the other coefficients (the
j
j
log(µ j /v j ), g1 t and g2 t terms; j = a,b) and the two equations are not interrelated (as we retain a non instantaneous correlation hypothesis). Then, it
j
takes the following form (when σ j is given set at σ j and when each δi is
j
given set at δ i )
j

δ
K it
Ci t
j
j
log
− σ j log i j + σ j log
= g1 t + u 1 i t j = a,b
L it
Wi t
1−δ i


j
j (σ j −1)/σ j
j (σ j −1)/σ
log Yit − σj log δ i K i t
+ (1−δ i )L i t
σ −1
−

1
1−σ j


log

jσ
δi

j

j
Ci1−σ
t

j
j
+ (1−δ i )σ Wi1−σ
t

= log
j



µj
j
j
+ g2 t + u 2 i t
vj

j = a,b

j

Furthermore, for σ j, log (µ j /v j ), g1 t, and g2 t given, the system is like a
non linear system of interrelated equations. It takes the following form (when
j
σ j is given set at σ j, log (µ j /v j ) given set at log (µ j /v j ), each g1 t given
j
j
j
set at g 1 t, and each g2 t given set at g 2 t)
j

δ
K it
Cit
j
j
+ σ j log
− g 1 t = σ j log i j + u 1 it j = a,b
L it
Wit
1−δi


j
j
µ
σ
j
j (σ j −1)/σ j
j (σ j −1)/σ j
log Yit − log j − g 2 t = j
+ (1−δi )L i t
log δi K i t
v
σ −1


j
1
jσ
j σ j 1−σ j
j
1−σ j
+ u 2 i t j = a,b
log δi Ci t
+ (1−δi ) Wi t
+
j
1−σ
log

j

The two equations are then interrelated. To estimate the δi , it is necessary to
take account of the heteroskedasticity between the equations; but it is possible
to proceed by individual and the computational burden is then substantially
light.
In the appendix B, we explain in greater detail the exact form of the ML
estimator and the computational procedure. The numerical resolving can be
summarized by the three following items.
• The overall procedure is conducted conditional to a value for σ a and a
value for σ b, given before; the procedure is then duplicated for different
trial values of σ a and σ b.
• A “zigzag” procedure, iterative one, is carry out. Now, the “macro” coefj
j
j
j
ficients (log(µ j /v j), the g1 t, the g2 t and the variances of u 1 and u 2) are
j
given for j = a,b and the “micro” (the δi ) are estimated; now, the
“micro” coefficients are given and the “macro” coefficients are estimated.
76

TABLE 1
The Asked Questions and their Resolution
Question

Answer

1 How not to use sectorial defla- Develop an imperfect competition
tors which do not include pertinent model and estimate a quasi reduced
information as selling prices at the form conditional by the price setting
micro level are not observed?
rule.
2 How to capture the data hetero- Individualize δ and 1−δ terms of
geneity as the diversity of capital- the production function which are
intensitivity is not only a matter of the relative contribution of capital
relative cost of the factors of produc- and labor to the production.
tion?
3 How to estimate accurately the Estimate a system of two equaelasticity of substitution while this tions, the first which captures the
parameter does not enter as main optimal behavior of capital per
worker setting, the second which
effect in the production function?
derives from the optimal setting
behavior of the level of production
and of selling price.
4 How to address elasticity of Let us suppose two groups of firms
substitution heterogeneity as some with respect to the elasticity value
firms can more easily substitute and use an endogenous switching
regression model.
capital to labor than others?
We show, in appendix B, that this computational procedure is convergent
and it coincides with ML estimator.
j
• The δi are estimated by individuals. In fact, we show that the procedure
j j
j
is separable: it is not necessary to optimize on δ1, δ2, . . ., δ N; it is suffij
j
j
cient to maximize on δ1, then on δ2, etc. Each δi is between 0 and 1; we
thus proceed by grid with 101 trials for each firm (a .01 step was
chosen).
We use GAUSS (a specialized computational language) and IBM-PC like
computer to carry out the computations. The programs are available upon
request.
In this section, we have introduced a lot of complications, each with a view
to answering a precise question. Table 1, as abstract, lists the asked questions
and their resolution.

3 The Results
The results of the estimated model are first displayed. Sub-section 3.2
looks for explanatory factors to classify firms in each group.
CAPITAL-LABOR SUBSTITUTION HETEROGENEITY
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3.1. Two Groups of Firms
The data used are about nearly 800 industrial firms, from 1981 to 1987. See
appendix A for a more precise data presentation (see also LEGENDRE [1990]).
The user cost of capital is a much more elaborated measure than the financial
charges over debt ratio. It is evaluated as a weighted average cost in the different ways to finance a firm (see, among others, KING [1974], AUERBACH
[1983], and LEGENDRE [1990] for the development of a such user cost
measure).
Table 2 illustrates the computational procedure used. The two competing
groups differ only in terms of the value of the elasticity of capital-labor
substitution. The first regime, denoted by a, includes firms with low elasticity
of substitution; the second regime, denoted by b, includes firms with high
elasticity of substitution. For different values of σ a (then this coefficient is
given, we start by a first grid from .35 to .75 by .1 step) and different values
of σ b (a grid from .65 to 1.25 by .1 step is used), the table reports two figures:
the log-likelihood value and the number of firms in group a. We take care to
keep σ b − σ a above .3 so that the two regimes remain identifiable. One can
see, on this table, that a maximum likelihood is achieved about σ a = .55 and
about σ b = .95. With this maximum, the numbers of firms in each group are
almost equal (41 % in group a, the low elasticity group).
Table 3 displays the result for the second grid. The maximum likelihood is
obtained for σ a = .57 and for σ b = .93. The detailed results for each group
are reported in table 4.
Those results do not seem to invalidate our conjecture: the population is a
mix of two groups, the low elasticity of substitution in production group and
the high elasticity of substitution in production group. For the group b, the
µb /v b coefficient is estimated below 1. This result comes either from a low
mark-up rate (µb not very great) either from increasing returns to scale (with
v b > µb). The theoretical model is yet invalidate as it supposes µ/v > 1 so
the firm revenues are positive. This result however relies on the temporal

TABLE 2
Two Groups of Firms (First Grid)
The first figure is the log-likelihood value
The second figure is the number of firms in group a (by %)
σb
.65

.75

.85

.95

1.05
2297 85

2187 89

2203 90

2537 63

2458 70

2401 77

2306 88

2713 35

2858 41

2513 38

1817 61

1956 83

2703 22

2280 21

2425 27

2163 28

2055 32

1721 35

2554 13

2149 13

2208 14

1944 16

1738 16

1422 19

.75
.65
σa

.55
.45
.35

2071 11

Number of iterations achieved: 100.
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1.15

1.25

δ average is
dummies normalization so it is not especially informative. The b
about .8 for the group a and about .3 for the group b but it is only when the
elasticity of substitution is equal to 1 that one can interpret the δ parameter as
relative contribution of capital to the production. We then get, for the group a
where the elasticity is very different from 1, a strong deformation for the estimated δi distribution. On the other hand, for the group b, we can maintain the
usual interpretation of the δ parameter.
We now need to better accounting for such a split in the population. This is
the aim of the next sub-section.

TABLE 3
Two Groups of Firms (Second Grid)
The first figure is the log-likelihood value
The second figure is the number of firms in group a (by %)
σb

σa

.92

.93

.94

.95

.96

.97

.98

.58

2968 44

2917 44

2816 42

2892 45

2887 45

2920 44

2860 45

.57

2923 42

3048 43

2800 42

2918 44

2826 42

2946 43

2727 43

.56

2933 42

2917 42

2851 41

2862 42

2907 43

2878 42

2768 41

.55

2779 38

2788 40

2655 39

2873 42

2769 42

2710 41

2697 40

.54

2809 37

2752 37

2743 38

2812 39

2806 41

2683 38

2611 38

.53

2795 35

2737 36

2707 37

2840 38

2720 38

2606 36

2652 38

.52

2765 34

2767 32

2693 33

2496 31

2729 34

2649 33

2414 31

Number of iterations achieved: 150.

TABLE 4
The Results of the Two Regimes Model
Estimation Method: Maximum Likelihood
Quantity

Group a

Group b

σ
log(µ/v)
V(u 1 )
V(u 2 )
b
δ average
b
δ median
Number of firms in group

.57
.026
.027
.081
.81
.88
325

.93
– .015
.0089
.013
.31
.28
442

Log-likelihood

3048

Results for temporal dummies are not reported.
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TABLE 5
The Factors used of the Descriptive Analysis
Variable

Formula

y

log(Y i )

Size of the firm (in log,
average over the period of the
value added)

dy

log(Yi T ) − log(Yi1 )

Value added in nominal terms
rate of growth (average over
the period)

ksl

log(K i /L i )

Capital per worker (in log,
average over the period)

dksl
w

Description

log(K i T /L i T ) − log(K i1 /L i1 ) Capital per worker rate of
growth
log(W i )

Average skills of the labor
force (in log, we use as proxy
the average wages per
employee)

3.2. The Factors of the Elasticity of Capital-Labor
Substitution
We try in this section to identify the factors which can explain the probability that a firm is in one or another group. More precisely, we use two models.
bi ) where b
bi is
In one hand, we employ OLS to explain the quantity 1 − F(−b
the estimated coefficient for firm i from previous analysis and where F(·) is
the c.d.f. of a zero mean, unit variance normally distributed variable – so we
want to account for the probability that the firm belongs to group b. On the
other hand, we employ Probit model to explain the ex-post classification of
each firm.
The factors of these both statistical analysis are reported in table 5. We
retain, on the one hand, some factors which capture structural contrasts
between firms (as size or capital per worker); on the other hand, some factors
which are more transitory (as the value added rate of growth). However, in
the panel, we have the sector of the main activity of each firm (the nomenclature used distinguishes 18 sectors in manufacturing); this variable is
introduced through 17 dummy variables. Finally, we try to relate the probability that a firm belongs to one or another group to the skills of the labor force
by putting in the regression, as proxy, the average wages per employee.
The results are reported in table 6. In the models (1), the average wages per
employee is not statistically different from zero. In the models (2), this factor
is put twice in the regression in a non linear fashion (the gross explanatory
variable and the square of the explanatory variable). When we try to fit less
specific models (with much more variables), we rapidly face multicollinearity
problems. In spite of the high number of observations, the estimated coeffi80

TABLE 6
The Factors to Belong in Group b (High Elasticity of Substitution)
b)
OLS on 1 − F(−b
Explanatory
variable
y
dy
ksl
dksl
w
w2

Model (1)

Model (2)

Estimate CP
.025
.011
– .014
– .21
– .053
–

ML Probit

∗

.03
65
33
.01
28
–

Model (1)

Model (2)

Estimate CP Estimate CP Estimate CP
.022
.0069
– .015
– .21
2.2
– .23

.10
77
28
.01
.12
.09

.074
.065
– .044
– .68
– .28
–

1.1
.064 2.8
52
.041 69
47
– .059 33
.01 – .72
.01
18 13.8
.11
– – 1.46
.09

∗ CP stands for critical probability (by %).
Results for the 17 dummy variables (to capture the sector of the firm) are not reported.

cients are not stable and the critical probabilities are high. We then leave it at
the models reported in table 6.
Thus, all things being equal, the elasticity of capital-labor substitution
seems to be all the higher as, first, the firms are larger, second, as the firms
have reduced their capital per worker, and lastly, as the firms have less skilled
work force. The “size effect” we obtain may be interpreted as follows. The
bigger firms hold a more diversified portfolio of activities. Then the capitallabor substitution is also achieved by structural effects. On figure 1, one can
see the contribution pattern of the wages per employee variables from the
OLS regression and from the Probit model. A no monotone relationship is
emphasized between the skills and the probability of belonging to group b.
This probability is high for wages within the 25th percentile and the 50th
percentile (denoted resp. by Q1 and Q2 on the graphic); it then decreases with
respect to the higher values of the average wages. Mind to note that the
contribution of those variables is limited. From the 90th percentile to the 10th
percentile, all things being equal, this probability increases by only 4 % (from
.54 to .58) in the OLS regression and by 7 % (from .53 to .60) in the Probit
model.

4 Conclusion
In this paper, we do not (but only indirectly) invalidate the following
conjecture: the elasticity of capital-labor substitution is oppositely related to
the skills of the work force. We give support, as numerous studies (see
HAMERMESH [1993]), to the hypothesis that skilled labor is more complementary with capital than unskilled labor. In order to accurately estimate the
elasticity of substitution in production from a panel data of near 800 manufacturing firms, we have specified the following micro-based model.
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FIGURE 1
Probability for a Firm to be in Group b with Respect to the Labor Force
Skills
b)
Plain line: from the OLS model on 1 – F(– b
Dotted line: from the ML Probit model

First, at the micro level, the selling price is not observed. To avoid using
sectorial deflators, we propose a semi-reduced form obtained conditionally to
a specific price setting rule. Next, we argue for estimating a system of two
equations as the production function alone is not the best way to reveal the
elasticity of substitution in production. Our system can be interpreted as the
following recursive firms behavior. On the one hand, firms choose the
optimal capital per worker level; on the other hand, the optimal production
and price levels. Finally, we do not use to capture the between-individual
heterogeneity an ad hoc specification; we trace this heterogeneity by means
of individualizing a deep production function parameter.
Our results show the presence of two groups of firms, constituted on the
grounds of a endogenous selection model. The first group includes the low
elasticity of substitution firms; this elasticity is about .6. By contrast, the
second group includes the high elasticity of substitution firms; this elasticity
is about .9. Eventually, we find that the average skills of the work force is a
factor which contributes to accounting for the probability that a firm belongs
in either one group or another. This paper then gives a (soft) evidence to
support the French current policy to subsidize the “low wages jobs”.
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APPENDIX A
The Data
The data are from the books of French corporations performing in the
manufacturing. They are more precisely described in BUA et al [1989] or in
LEGENDRE [1990]. The following table collects some statistics about the data
we used.
Statistic

log Y

log K

log L

log C

log W

Mean
Standard Deviation
Q1 (percentile 25)
Q3 (percentile 75)
Between variance
in total variance

9.4
1.9
7.8
11.0
.98

8.7
2.2
7.0
1.5
.99

4.3
1.8
2.8
5.8
.99

– .95
.33
– 1.1
– .77
.70

4.8
.35
4.6
5.0
.66

Y is the value added in nominal terms; K the capital stock; L the employed
manpower; C the user cost of the capital and; W the average wages per
employee.
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APPENDIX B
Econometrics
The aim of this appendix is to specified all the econometrics used in this
paper. First, we introduce a convenient method to estimate a model with
related equations. Second, in the same way, we propose a computational
method for specific non linear models. Finally, we expose the two regimes
switching model.

B.1 Econometrics of Related Equations
We introduce, in this subsection, a well-known numerical method to estimate a set of two related equations. The system of two equations is as follows
(12)

y1 = X 1a + u1

(13)

y2 = X 2a + u2

where y 1 and y 2 are the two N ×1 vectors corresponding to the dependent
variables (where N is the number of observations by equation), X 1 and X 2 the
two N × p matrixes corresponding to the explanatory variables (where p is the
number of unknown coefficients), a the p×1 vector of the coefficients, and
u 1 and u 2 the two N ×1 vectors of the disturbances. The constraints relating
equations are taken into account via the vector a, the same for the two equations. This system could be stacked as follows
 


 
y1
X1
u1
X=
and u =
(14) y = X a + u with y =
y2
X2
u2
Under homocedasticity and non autocorrelation hypotheses, the covariance
matrix of the two stochastic vectors u 1 and u 2 are
V(u 1 ) = σ12 I N

and V(u 2 ) = σ22 I N

What's more, if one sets a non correlation hypothesis between the disturbances of the two equations, then the covariance matrix of stochastic vector u
reads as follows

 2
σ1 0
V(u) =  =
⊗ IN
(15)
0 σ22
This model also could be interpreted as an univariate model with a special
heteroskedasticity pattern: the variance of the first N disturbances is σ12; of
the last N, σ22.
In the normality hypothesis, the log-likelihood is then (irrelevant constants
have been removed)
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(16)

−

1
1
`(a,σ12 ,σ22 |y) = − log|| − (y − X a)0 −1 (y − X a) =
2
2

N
(log σ12 + log σ22 )
2


0
0
1 (y 1 − X 1 a) (y 1 − X 1 a) (y 2 − X 2 a) (y 2 − X 2 a)
+
−
2
σ12
σ22

The first order conditions can be written as

−1 

1 0
1 0
1 0
1 0
a=
X X1 + 2 X2 X2
X y +
X y
(17)
σ12 1
σ2
σ12 1 1 σ22 2 2
(y 1 − X 1 a)0 (y 1 − X 1 a)
=
N

(18)

σ12

(19)

σ22 =

(y 2 − X 2 a)0 (y 2 − X 2 a)
N

This system is not linear. One can notice that a do not relate separately on
σ12 and on σ22 but only on σ12 /σ22, so we could write the condition 17 in a
simpler form; but it is not much enlightening. By contrast, this pattern made
us think of using the following numerical procedure to solve the system. First,
the second order terms are given (for example, are set at 1 – so σ120 = 1 and
σ220 = 1 where the second subscript denotes the iteration number). Then, the
following system is repeatedly evaluated
−1

1
1
0
0
ak =
X X1 + 2
X X2
(20)
σ12k−1 1
σ2 k−1 2


1
σ12k−1

(21)

σ12k =

(22)

σ22k =

X 10 y 1

+

1
σ22k−1

(y 1 − X 1 a k )0 (y 1 − X 1 a k )
N
(y 2 − X 2 a k )0 (y 2 − X 2 a k )
N

X 20 y 2


k = 1,2,3,. . .

k = 1,2,3,. . .

k = 1,2,3,. . .

a 1 is the OLS estimator of the stacked model; this estimator is unbiased
and consistent but it is not efficient. a 2 is known as “estimated generalized
least squares” estimator. In a first stage, the parameters of the covariance
matrix are estimated by a consistent method; in a second stage, the generalized least squares rule is used where the unknown parameters are replaced by
the estimator of the first stage.
This method is very easy to implement. In fact, a k can be computed as the
OLS estimator of the model
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e
X k ak + e
uk
yk = e

(23)





1

 σ1 k−1
e
yk = 
 1
σ2 k−1

y1


 and


y2

with


1

 σ1 k−1
e
Xk = 
 1
σ2 k−1


X1





X2

It then suffices to transform all the observable variables of the model and
next to use the standard OLS formula.
This numerical iterative procedure leads to a sequence of estimators: a 0,
a 1, a 2, . . . Is a fixed point reached? Is this fixed point the ML estimator ?
See OBERHOFER and KMENTA [1974] on the hypotheses to ensure the numerical convergence of the procedure and the equivalence between “iterated
estimated GLS” and ML. In our model, we do get such equivalence.

B.2. Econometrics of Additive Non Linear Component
Model
In this subsection, we explain how one can estimate special kind of non
linear models – models with additive non linear component – by an iterative
procedure. First, we set the method in the linear case; next, in the additive non
linear component models; eventually, in the panel data context.
B.2.1. Zigzag Procedure for a Linear Model
One can use an iterative procedure to compute the coefficient of a linear
model. For the sake of simplicity, the model is only with two explanatory
variables
(24)

yi = axi + bz i + u i

i = 1,. . . ,N

where yi is the dependent variable, xi and z i the two explanatory variables, a
and b the two unknown coefficients (to estimate), and u i the disturbance term.
With matrix notations, we write the model as
 
a
y = ax + bz + u = (x | z)
+u
(25)
b
where y, x, z and u are N ×1 vectors.
a and b
b ) follows from the
The OLS estimator of a and b (denoted by b
formula
 

b
a
−1
=
(x | z)0 (x | z)
(x | z)0 y
(26)
b
b
It is then necessary to inverse a 2×2 positive definite matrix to get this estimator. To avoid this inversion, one can propose the following iterative
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procedure. First, b0 is given (to any value). Then, we rewrite the model as
follows
(y − b0 z) = ax + v
a1 is thus the MCO estimator of the previous model
a1 =

x 0 (y − b0 z)
x0x

We just have to divide two numbers (and not to invert a matrix). Next, b1 is
the MCO estimator of the following model
(y − a1 x) = bz + w or b1 =

z 0 (y − a1 x)
z0 z

More strictly, the procedure is defined by the two sequences (for
k = 1,2,3,. . .)
ak =

x 0 (y − bk−1 z)
x0x

x0y
x 0z
= 0 − 0 bk−1 and
xx
xx
bk =

z 0 (y − ak x)
z0 z

z0 y
x 0z
= 0 − 0 ak
zz
zz

We now have to study the behavior of those two sequences. After a few
substitutions, we get for a
x0y
x 0 z z0 y
(x 0 z)2
ak = 0 0 ak−1 + 0 − 0 0
xxzz
xx
xxzz
(x 0 z)2 /(x 0 x z 0 z) is the square cosinus of the angle between x and z. It is also
the square gross correlation coefficient between x and z. This quantity is then
in absolute value less than 1 (it is equal to 1 when x and z are colinear but the
coefficients a and b are not yet identifiable). One can see that the sequence
converges and reaches the limit. This limit is really the OLS estimator. The
favorable case is when (x 0 z)2 /(x 0 x z 0 z) = 0 (i.e. x and z are orthogonal),
then the convergence is reached in one iteration only. This is because the
(x | z)0 (x | z) matrix is diagonal and its inverse is

 0 −1
0
(x x)
0
−1
{(x | z) (x | z)} =
0
(z 0 z)−1
The figure 2 gives a suggestive illustration of the zigzag procedure. On this
figure, we attempted to point out the criterion (the iso-SSR – sum of squared
residuals). We chose to take b0 equated to 0 and to distinguish the favorable
case and the usual case (where x and z are correlated). As the criterion is a
quadratic form, the iso-SSR curves are elliptical. In the favorable case, the
axes of the ellipses are parallel to the axes of the graphic. In the usual case, on
the graphic, a1 is the point where the straight line b = 0 and an iso-SSR
curve are tangential; then, b1 is the point where the straight line a = a1 and an
88

FIGURE 2
Zigzag Procedure (Iso Sum of Squared Residuals Curves)

Favorable case : x and z are orthogonal

Usual case : x and z are correlated

iso-SSR curve are tangential; etc. This is why we call this numerical resolution procedure the “zigzag procedure”.
B.2.2.
Model

Zigzag Procedure of Additive Non Linear Component

The latter procedure should be adapted to estimate a non linear model. Let
us assume that this model is of the following kind
yi = axi + b f i (b) + u i

(27)

i = 1,. . . ,N

The symbols are as before: notably, a and b are the two unknown coefficients to estimate. The non linear component b f i (b) is additive just as the
disturbances. We suppose the f i (·) function to be continuous and derivable ∀i.
This model is rather general. For example, the following non linear model
yi = axi + (z i )b + u i
can be rewritten as
yi = axi + b

(z i )b
+ ui
b

with

f i (b) =

(z i )b
b

Under usual hypotheses, the ML estimator of the a and b coefficients are
the solution to the program
(28)

N
X
min
{yi − (axi + b f i (b))}2
a and b i=1
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We assume that, for a given (set at a), it is fairly easy to get b as the solution to the program
N
X

{yi − (axi + b f i (b))}2
min
b i=1
as, for example like in this paper, b is in a predetermined set. It then suffices
to try different values to approximate the solution.
The iterative procedure used is yet defined trough the two sequences
N
X
{yi − (ak−1 xi + b f i (b))}2 and
bk = arg min
b i=1

ak =

x 0 (y − bk f k )
x0 f k
x0y
=
−
bk
x0x
x0x
x0x

where f k is the N ×1 vector with the term i equals to f i (bk ). bk can be
expressed as
bk =

f 0k (y − ak−1 x)
f 0k f k

=

f 0k y

f 0k f k

−

x0 f k

f 0k f k

ak−1

So, we can rewrite the sequence for a
(x 0 f k )2

x 0 f k f 0k y
ak = 0
ak−1 + 0 − 0
x x f 0k f k
xx
x x f 0k f k
x0y

or else
ak = λk ak−1 + µk

(x 0 f k )2
with λk = 0
x x f 0k f k

x0 f f 0 y
x0y
and µk = 0 − 0 k 0 k
xx
x x fk fk

As in the linear case, λk is, in absolute value, less than 1. This sequence
then converges. The limit is a solution to the maximum likelihood.
B.2.3. Zigzag Procedure in Panel Data Context
Two subscripts are necessary to denote panel data. The first subscript
(usually denoted by i, i = 1,. . . ,N) distinguishes the individual dimension;
the second subscript (usually denoted by t, t = 1,. . . ,T) distinguishes the
temporal dimension. In this paper, in order to capture the differences between
individuals, we propose a model including a non linear individual component.
Then the latter is
(29)

yit = axit + bi f it (bi ) + u i t

i = 1,. . . ,N ; t = 1,. . . ,T.

a is like a macro coefficient, the same for all the individuals in the panel; by
contrast, the bi are micro coefficients.
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The criterion to minimize (to maximize the likelihood) is
(30)

N X
T
X
min
{yit − (axit + bi f it (bi ))}2
(a, (bi )i ) i=1 t=1

For a given (set at a), the program is a separable one. It is sufficient to find
each bi which is the solution to the programs
T
X
{yit − (axi t + bi f i t (bi ))}2 for i = 1,. . . ,N
min
bi t=1

We suppose that it is not too hard to find the solution (with a trial procedure
for example – in the paper, the coefficient is in the ]0, 1[ interval and we use a
grid to try different values).
The iterative procedure is then defined by the following sequences (where
the subscript k denotes the iteration number)
T
X
bi k = arg min
{yit − (a k−1 xi t + bi f i t (bi ))}2 for i = 1,. . . ,N
bi t=1

and
ak =

x 0 (y − z k )
x0x

where the N T ×1 vector z k is with the term i equals to z i t k = bi k f i t (bi k ).
As before, the procedure converges. The limit satisfies the first order conditions of the maximum likelihood. The advantages of this procedure are
obvious: a drastic decrease of the dimension of the unknown parameters
space. Let us denote by M the number of trial values for each bi; if the
program is not separable, one needs to evaluate M N expressions to find the
solution. By contrast, with our method, one needs to only evaluate N ×M
expressions.

B.3. Econometrics of Two Regimes Switching Model
In this last subsection, we first expose a very general two regimes switching
model. Next, we show how it should be used in a panel data context.
B.3.1. A General Model
We closely follow HARTLEY [1978] but we use slightly different notations.
We first assume that the observations can be in either one or another group; a
priori two different regression models are specified to explain the same
dependent variable. For example, one has cross section data on consumption
and wants to fit two alternative models: a life cycle model and a liquidity
constraint model.
If additional information is available on the way the population splits into
the two groups, one just has to run two different regressions on each subCAPITAL-LABOR SUBSTITUTION HETEROGENEITY
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population. When such information is not directly available, the following
model of endogenous switching can be proposed
 a a
a xi + u ia if bz i + vi < 0
i = 1,. . . ,N .
=
y
(31)
i
a b xib + u ib if bz i + vi > 0
where y is the N ×1 vector of dependent variable. x a and x b are the N ×1
vectors of explanatory variables for each regime (for the sake of simplicity,
we restrict the presentation to one variable per regime). The N ×1 vector z is
the explanatory variable of the auxiliary equation which could help to select
the regime. On the first order, there are three unknown coefficients to estimate: a a, a b, and b. u ia, u ib and vi are three random disturbances with zero
means and constant variances. They are not correlated (either autocorrelated
or between them). Thus, the covariance matrixes are
V(u a ) = σ a2 I N

V(u b ) = σ b2 I N

and V(v) = I N

The variance of vi ∀ i is normalized to 1 so the coefficient b can be identified.
This model is a multi-purpose model; several suggestive cases can be generated. First, one can assume xia = xib = 1 ∀ i; then, the sample is a mix of
two stochastic laws. (with, resp., a a and a b means, and σ a2 and σ b2
variances). Next, one can assume z i = 1 ∀ i; then no additional information is
available to classify the observations. Ex post, we can only define a global
probability for each regime to occur. Eventually, one can assume xia = xib ∀ i;
in this case, the model is a model of structural change on the parameters.
Under normality hypothesis, the log-likelihood function for the model can
be written as
`(a a ,a b ,b,σ a2 ,σ b2 | y) =
N
X

log{F(−bz i ) f [(yi − a a xia )/σ a ]/σ a +

i=1

[1−F(−bz i )] f [(yi − a b xib )/σ b ]/σ b }
where f (·) and F(·) denote resp. the p.d.f. and the c.d.f. of a zero mean, unit
variance normally distributed variable. The likelihood function is, however,
not bounded: regime a, for example, could be estimated as accurately as one
wants and the likelihood is then equal to infinity. But the algorithm proposed
by HARTLEY [1978] seems to circumvent these difficulties.
The derivative with respect to a a is equal to
N
X
(33)
F(−bz i )xia (yi −a a xia ) f [(yi − a a xia )/σ a ]/σ a3 / gi
i=1

with

gi = F(−bz i ) f [(yi − a a xia )/σ a ]/σ a +
[1−F(−bz i )] f [(yi − a b xib )/σ b ]/σ b
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∀ i = 1,. . . ,N

The derivative with respect to a b exhibits the same pattern mutadis
mutandis – mind to substitute 1−F(−bz i ) for F(−bz i ). The derivative with
respect to σ a2 is a little more complicated
(34)

N
X

F(−bz i ) f [(yi −a a xia )/σ a ][(yi − a a xia )2 /σ a2 − 1]/σ a3 /gi /2

i=1

Eventually, the derivative with respect to b is
(35)

N
X
−z i f (−bz i ){ f [(yi −a a xia )/σ a ]/σ a − f [(yi −a b xib )/σ b ]/σ b }/gi
i=1

Again, the system of the five first order conditions is not linear. To make
matters worse, we cannot get an explicit non reduced form for b. However,
we can rewrite the latter equation as
−b

N
X
i=1

z i2 +

N
X

zi

i=1

{bz i − f (−bz i )[ f [(yi − a a xia )/σ a ]/σ a − f [(yi − a b xib )/σ b ]/σ b ]/gi }
which leads to an explicit non reduced solution to b.
The following computational iterative resolution can be suggested. At the
beginning of iteration k, one has common values for all unknown parameters.
a , ab , b
a2
b2
Those values are denoted by ak−1
k−1 k−1, σk−1, and σk−1. Let us introduce the following notation
a x a )/σ a ]/σ a +
gi k−1 = F(−bk−1 z i ) f [(yi −ak−1
i
k−1
k−1
b x b )/σ b ]/σ b
[1−F(−bk−1 z i )] f [(yi −ak−1
i
k−1
k−1 ∀ i = 1,. . . ,N
a matrix with the term i as follows
and define, first, the diagonal N ×N Wk−1
a x a )/σ a ]/σ a /g
Wiak−1 = F(−bk−1 z i ) f [(yi −ak−1
i
k−1
k−1 i k−1 ,
b matrix defined mutadis mutandis as W a , and, last,
next, the diagonal Wk−1
k−1
the N ×1 d k−1 vector with the term i as follows
a x a )/σ a ]/σ a −
di k−1 = bk−1 z i − f (−bk−1 z i ){ f [(yi −ak−1
i
k−1
k−1
b x b )/σ b ]/σ b }/g
f [(yi −ak−1
i k−1
i
k−1
k−1

It is then possible to define the resolution method by means of the following sequences
(36)

a y)/(x a 0 W a x a ) k = 1,2,3,. . .
aka = (x a 0 Wk−1
k−1

(37)

b y)/(x b W b x b ) k = 1,2,3,. . .
akb = (x b Wk−1
k−1

(38)

bk = (z 0 d k−1 )/(z 0 z) k = 1,2,3,. . .

0

0
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a (y − a a x a )/(
(39) σka2 = (y − aka x a )0 Wk−1
k

N
X

Wiak−1 ) k = 1,2,3,. . .

i=1
b (y − bb x b )/(
(40) σkb2 = (y − bkb x b )0 Wk−1
k

N
X

Wibk−1 ) k = 1,2,3,. . .

i=1

It is easy to generalize when there is several explanatory
regression regime; for example, let X a be the first regime
the explanatory variables (where p a is the number of
variables), and a a be the p a ×1 vector of the unknown
sequence which defines a a is

variables in each
N × p a matrix of
the explanatory
parameters. The

a X a )−1 X a 0 W a y
a ak = (X a 0 Wk−1
k−1

In the same vein, one could generalize when there are several explanatory
variables in the auxiliary regression equation. Z is the matrix of the explanatory variables and bk is then defined by (Z 0 Z )−1 Z 0 d k−1.
In others respects, on can note that the procedure is very easy to implement.
The formulas which give aka and akb can be interpreted as weighted OLS. It is
then sufficient to adequately transform the variables and then to use the standard OLS computational routines.
We can interpret this iterative procedure as the revision among iterations of
the probability that each observation is in either one group or another. One
can initiate the procedure with, for a0a, a0b, σ0a2 and σ0b2, the OLS estimator
on the overall population. One can also choose, for b, zero: the probabilities
(to be in the first or the second group) are then equal to .5 and .5. Then, at
iteration 0, the residual p.d.f. (denoted by αi 0 and βi 0) for each group are
αi 0 = f [(yi −a0a xia )/σ0a ]/σ0a

and βi 0 = f [(yi −a0b xib )/σ0b ]/σ0b

The weight for the observation i is
Wia0 =

αi 0
αi 0 + βi 0

βi 0
and Wib0 =
= 1 − Wia0
αi 0 + βi 0

Thus, the weight is related to the accuracy of the fit in each regime. For
example, if the estimated residual for the first group is close to zero and if the
estimated residual for the second group is away from zero, then αi 0 is very
great than βi 0 and, in this way, Wia0 is close to 1 and Wib0 close to 0. The
values of the a a and a b coefficients are revised via a weighted regression, the
contribution of each observation being to extend to the relative goodness of
the fit in each regime at the previous iteration.
Eventually, b is evaluated, at iteration 1, with OLS in a model where the
dependent variable is
di 0 = − f (0)(Wia0 − Wib0 )
The z variable must then explain, for each observation, the relative accuracy of the fit for each group.
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KIEFER [1978] has showed that a root of the likelihood equations corresponding to a local maximum is consistent, asymptotically normal, and efficient.
Let us now quote HARTLEY [1978]:
Limited Monte Carlo experiments with this algorithm indicate that convergence to a solution of the likelihood equations corresponding to a local
maximum of L always obtains, that point estimates are very close to the true
parameter values (for moderate sample sizes of 100 observations) [. . .] If
there are multiple roots, while the algorithm converges to a solution of the
likelihood equations, there is no guarantee that the “correct” root (corresponding to a consistent estimator) will obtain.
In our various experiments, we only check that the likelihood value is
growing with each iteration. We never find the following case
a ,a b ,b
a2
b2
`(aka ,akb ,bk ,σka2 ,σkb2 |y) < `(ak−1
k−1 k−1 ,σk−1 ,σk−1 |y)

We always improve the criterion among procedure iterations. To speed the
process, we slightly alter the definition of the bk sequence. We interpret the
original sequence as giving a direction for movement, denoted by δk
δk = (z 0 d k−1 )/(z 0 z) − bk−1
We then try different steps and we retain the step for which the likelihood
increase is the highest. Rigorously, this modification can be specified as
bk = bk−1 + λk δk

with
λk = arg

max

λ∈{.5, 1, 2, 5, 10}

`(aka ,akb ,bk−1 + λδk ,σka2 ,σkb2 |y)

For a step equal to 1, one gets bk = (z 0 d k−1 )/(z 0 z) as before; for a different step, this alteration speeds the process.
B.3.2. Two Regimes Switching Model in a Panel Data Context
In this paper, we use the above model in a special way. Without individual
and/or temporal specific coefficients, the model is
 a a
a if bz + v < 0
a xit + u it
it
it
i = 1,. . . ,N ; t = 1,. . . ,T.
(41) yit =
b
b
b
a xit + u it if bz i t + vi t > 0
We want to only state, as additional information, that each individual
remains in the same regime at all times. An individual is then “type a” or
“type b”'. We do not want to give other information but we want to assign ex
post to each individual a probability to be in one or another group. We then
opt for the introduction of a individual specific effect in the auxiliary equation.
Thus, the auxiliary equation is
bi + vi t
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95

Let us denote by `T the T ×1 vector of ones and by b the N ×1 vector of bi
term. The auxiliary equation may be written compactly as
Z b + v with

Z = I N ⊗ `T

where the observations are sorted out by individual and then by time period.
The numerical procedure is still valid but it is then possible to reduce the
computational burden. The expression which gives bk is always
bk = (Z 0 Z )−1 Z 0 d k−1
But as (Z 0 Z )−1 is equal to

1
I N, we can compute each bi k by using
T
T
X

bi k =

di t k−1

t=1

T

It is then not necessary to inverse the huge N ×N Z 0 Z matrix. This hint is
like the transformation in terms of deviations around the mean in the individual dummy variable model.

96

